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Lakoff and Nuñez (2000) argue that the origins of mathematical thinking arise from the 
progressive development of the human sensorium and experience.  Cognitive science research in 
in education plays a big role in developing new pedagogies, especially those that leverage new 
“Cyberlearning” technologies.  The current study employs two principle frameworks for creating 
pedagogy for learning mathematical fractions: (1) grounded and embodied cognition (Varela, 
Thompson & Rosch, 1991; Glenberg, 1997; 2003; Barsalou, 1999; 2008), (2) situated cognition  
(Lesh, 1981; Lave 1988, Greeno, 1998; Roth, 2002).  Grounded and embodied cognition was 
operationalized through the gesture.  Although gesture is traditionally discussed as a spontaneous 
co-articulation of speech (Kendon, 1972; McNeill & Levy, 1980; 1992; Goldin-Meadow, 1986) 
it is taking on a new role with the advent of 21st century technologies that utilize gestural 
interface.  Using gestures as simulated action (Hostetter and Alibali, 2008), we developed two 
sets of gestural mechanics based on an exploratory study on the gestures elementary students 
used to explain mathematical fractions (Swart, 2014): (1) iconic gestures (I) – i.e., enactive of 
the processes to create objects, (2) deictic gestures (D) – i.e., index pointing to ground or identify 
objects or locations.   
Situated cognition was operationalized through narrative (Black and Bower, 1980; 
Graesser, Hauft-Smith, Cohen, and Pyles 1980; Graesser, Singer, Trabasso, 1994).  Researchers 
crafted two types of narratives in order to create a situated learning environment (Hennessy, 
1993): (1) strong narrative (S) – with a setting, characters and plot (based on the popular PBS 
Kids television show, Cyberchase, (2) weak narrative (W) – without an explicit setting, 
characters or plot.  Combining these two factors together, the research team designed and 
developed Mobile Mathematics Movement (M3).  Using the two independent variables, gesture 
(I vs. D) and narrative (S vs. W), M3 was crafted into 4 different versions: SI, SD, WI, WD.  
The first two iterations, M3:i1 and M3:i2, were tested in randomized factorial experiments in 
afterschool programs with high-needs populations.  After completing these studies employing a 
design-based research (DBR) methodology, the tutor-game developed into its latest iteration, 
M3:i3.   The curriculum of M3 had students employing a splitting objects (i.e., parts-to-whole) 
 
schema (Steffe, 2004) and was divided into two parts: (Part 1) object fracturing (x5 per level): 
estimating, denominating, numerating, re-estimating; (Part 2) object equivalency (comparing 5 
fractions): comparing, ordering, verifying magnitudes, verifying positions on vertical number 
line. 
In the final dissertation study, 131 students (x̄age = 8.78 yrs, 52.6% Female; 39.7% 
Hispanic; 32.8% African-American; 19.9% South-East Asian; 3.8% Caucasian; 3.8% South 
Asian (Indian); 97.7 % received free/reduced lunch) from the Harlem and Lower East Side 
neighborhoods of New York City were consented and assented and completed the study.  
Students were randomly assigned to 1 of the 4 conditions, completed a direct pre-assessment of 
the curriculum as well as a transfer pre-assessment, played all seven levels of the tutor-game, 
completed an exit survey (free response and 5-point likert – motivation, self-efficacy, 
engagement, learning), completed a direct post-assessment of the curriculum as well as a transfer 
post-assessment (parallel forms) and a 7 minute semi-structured clinical interview. 
Factorial ANOVAs indicated a significant interaction between gesture and narrative 
(though all groups showed significant learning pre to post) on the direct assessment.  Both the SI 
and WD groups significantly outperformed the other two groups, though were not different from 
each other.  Though there was not a significant interaction between gesture and narrative on for 
the transfer assessment, pair-wise comparisons and planned contrasts showed that the SI group 
outperformed all the other groups.  Follow up hierarchical linear regressions (HLR) showed that 
game play significantly mediated students’ learning.  Specifically, students’ performances 
estimating and denominating were predictive of direct learning of the curriculum while 
estimating, denomination and numeration were all predictive of transfer.  Further HLRs also 
found that students’ learning was moderated by their existing proficiencies for fractions.  This 
finding helped clarify the nature of the narrative-gesture interaction, such that low-proficiency 
students improved more in the WD condition and high-proficiency students improved more in 
the SI condition.  An exploratory factor analysis of the 5-point likert exit survey showed loaded 
on four factors as anticipated, with significant loadings for engagement and learning, but 
revealed no significant differences between the conditions. 
The significant interaction revealed that both a weak narrative (non-contextualized) 
environments using deictic (identity) gestures as well as strong narrative (contextualized) 
environments using iconic (enactive) gestures are differentially beneficial for learning.  Contrary 
 
to our interaction hypothesis, learning for novices benefitted from a more abstract environment, 
supporting the work of (Kaminski, Sloutsky, Heckler, 2008) and learning for those with higher 
proficiencies at fractions was better in the more concrete environment (e.g., Moreno, Ozogul, & 
Reisslein (2011).  The likert data supports research suggesting that students find digital platforms 
engaging and empowering, regardless of learning or not (for review see Wouters, van Nimwegen, 
van Oostendorp, & van der Spek, 2013).  Together, these results have important implications for 
the design of learning environments and a digital pedagogy and follow-up work is necessary for 
expounding on the interactions between gestures and narratives as well as the possible mediation 
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~ Chapter 1 ~ 
 
Wondrous 
children of the city, 
smiling back we’re we, 
newly divided attentions, 
 with some splitting we’d do, 
to fracture apart to whole 
hearted fun too. 
 
Introducing… Mobile Movement Mathematics (M3).  
 
   More than fifty percent of middle school and high school students in the United States 
are not proficient with the fundamentals of fractions taught during elementary mathematics 
education (National Council of Teachers of Mathematics, 2007; National Math Advisory Panel, 
2008). Many children and adults alike are nescient at the notion or too shy to say whether they 
are “good” at math, despite the fact that thinking mathematically actually comes naturally for 
human beings and many other species.  Abilities to approximate intervals of time, distances in 
space and the magnitudes of things are foundational to our The Number Sense (Dehaene, 1997).  
In root, mathematical thinking emerges from the biological endowments of our perceptual 
systems and the way they encode the world around us (Glenberg, 1997; Barsalou, 1999).  
Activities searching, reaching, grasping, crawling, toddling, walking, climbing, collecting and 
sorting our experiences, filtered between the interiority and exteriority by the corporeal “self” 
that negotiates the complexities of survival, learning and growth.  Our bodies enable and 
constrain our perceptions, mediating our actions and represent our mentality, our intentions and 
our dispositions for all the situations we encounter (Tversky, 2009).  It is from the physical 
world that we cognize and recognize the surroundings that ground the concepts we create and in 
turn, the metaphors we construct to communicate our understandings (Lakoff & Johnson, 1980).  
In symbolic mathematics, we derive concepts of number, of sets, of scales, proportion, 




percentage and ratio all from the way our bodies perceive our experiences in the world (Lakoff & 
Nuñez, 2000). 
For teaching and learning, rich perceptual experiences for students give them 
opportunities to embody knowledge, both procedural and conceptual, via the processes for 
constructing a concept (Black, Segal, Vitale and Fadjo, 2012).  For learning of mathematics, 
providing learners with everyday tasks (e.g., measuring quantities from a stick of butter in a 
baking recipes to learn fractions (Lesh 1981; 1985)) not only situates learning in contexts, but 
physically engages the student in formal and informal learning.  Bringing contexts from the real 
world to the classroom leverages many of the basic strategies for solving problems to help 
formalize concepts into symbolic notation.  Moreover, in both the real world and in classrooms, 
the process of learning is not always instant and often involves practice, trials, failures and 
successes. Thus, it is important that effective instruction integrates proper scaffolding and 
feedback that allows learners to confront their own misconceptions – refine, reorganize and 
reconstruct them into correct concepts (Smith, diSessa & Roschelle, 1994).  Engaging students 
in meaningful situations makes the consequences of their actions valuable, and adding that value 
to the task can make curricula more motivating (Pintrich & Shunk, 1996).  Moreover, it is 
important to provide activities that reinforce multiple procedures (i.e., strategies) - a culture of 
mathematical thinking for deriving solutions (e.g., Lesh, 1981; 1985; Schoenfeld, 1985).  
Ostensibly, the goal is that through the application of procedural knowledge, students will 
formulate correct conceptual models   
For learning platforms, mathematics instruction can be represented through many 
different forms: physical manipulatives, depictions, semiotics & symbols, language, art, activity, 
etc.  Each approach has its affordances and constraints (Gibson, 1979) for communicating the 




formal abstractions of mathematics.  Clements and McMillan (1996) and Uttal, Scudder and 
DeLoache (1997) highlighted that some “manipulatives”, although intended to concretize 
concepts, are only symbolic representations themselves that do not necessarily represent let alone 
carry the underlying mathematical idea they are intended to instruct. Clements et al., 1996 
discussed different types of manipulatives, how they can be sensory-concrete (real objects), 
abstract-concrete (symbolic objects) or integrated-concrete (combination).  Ramani and Siegler 
(2008) demonstrated that situating number lines in the context of a linear board game not only 
helped students better understand the semiotics of number lines as sensory-concrete manipulative, 
but it also helped learners understand natural and real numbers as an integrated-concrete 
manipulative.  In this case, the board game was a valuable pedagogical tool that helped students 
make the connections between their behaviors and how they represent the underlying structures 
of concepts and how they are abstracted symbolically.   
For making learning physical, research in embodied cognition (i.e., 
perceptually-grounded physical pedagogy; Varela, Thompson, & Rosch, 1991; Glenberg, 1997; 
Wilson, 2002; Barsalou, 1999; 2008) updates a long-held perspective (Dewey, 1900; Montessori, 
1905) on what it means for learning and how educators can create better ways for students to 
understand and interact with the world.  The embodied or perceptually grounded cognition 
perspective postulates that fully understanding a discipline often integrates mental perceptual 
simulations of core concepts when retrieving the information or reasoning about it (Black, Segal, 
Vitale & Fadjo, 2012).  Martin and Schwartz (2005) looked at how students provided 
elementary-aged students the opportunities to physically manipulate sets of objects and 
compared their performance to students marking static sets of objects for learning fractions. 
Students that physically manipulated objects showed better performance and understanding of 




fractions as well as transfer of fractions knowledge to new domains, including formal 
representations.  To embody fractions, actions (e.g., for fracturing and object) become the 
means for connecting learners to concepts (Wilson, 2002). Using research to guide the design of 
new learning environments, especially for digital technologies, gives educators new 
opportunities to simulate experiences for students that are not only useful, but also meaningful 
(Dewey, 1939; Lesh, 1985).  
Bruner (1990) reminds us that it is our social and cultural conventions that contour our 
experiences into the narratives, the episodes, that give life meaning.  For making math learning 
meaningful, Sophian (2007) used measurement activities, such as measuring sugar for a batch of 
cookies, to put fractions in context and help students associate fractions concepts with their 
representations as numbers. Advocates for situating cognition (Lave, 1988; Brown, Collins & 
Deguid; Metz, 1993; Roth, 1998) argue that using narrative as pedagogy can craft learners’ 
perceptions to focus on salient information.  Educational technologies, like digital tablets, give 
educators and developers opportunities to create fictive interactive environments where the role 
of narrative becomes an important means for situating cognition (Lesh, 1981; Glenberg, 2003; 
Black, 2007).  
In the current project, Mobile Movement Mathematics (M3), we developed a tutor-game 
for digital tablets to teach high-needs students how to estimate, denominate, numerate and 
determine equivalency between fractions.  For pedagogy, M3 is purposefully designed to use 
the gesture-based interactivity of tablets to link the physicality of fracturing objects, embodied 
through gestures (Hostetter and Alibali, 2008; Alibali & Nathan, 2012), and situated through a 
game-like narrative (Fisch, Lesh, Motoki, Crespo, & Melfi, 2010). Contextualizing learners’ 
experiences helps organize perception into conception (Goldstone & Barsalou, 1998; Goldstone, 




Landy, & Son, 2010).  For curriculum, M3 harnesses the embodied conceptual metaphors of 
division (fracturing) of an object and parts-to-whole relationships to construct and understand the 
magnitudes fractions (Lakoff and Nuñez, 2000).  In order to harness the power of gestures as 
tools for simulating the processes for fracturing object, the current project utilized digital tablets 
to create a tutor-game in which students learn fractions using a mobile platform that can situate 
physical movement to teach mathematics in context.  
Since digital technologies are interactive, they can cater to different types of learners, 
with varying degrees of knowledge.  Whether expert or novice (see Chi, Feltovich & Glaser, 
1981), providing dynamic feedback contours students’ perceptions and creates experiences to 
help organize knowledge.  Fortunately, the touch use interface (TUI) human-computer 
interaction (HCI) on mobile devices is a promising portal for learning.   Designing and 
delivering curricula that simulates activities in virtual environments simultaneously engages the 
mind and the body in conceptual learning (see Segal, Tversky & Black, 2014; Abrahamson & 
Sánchez-Garcia, 2016; Kirsh, 2013). As a design-based research (DBR) project (Collins, Brown 
and Degruid, 1989; Brown, 1992; Barab & Squire, 2004; diSessa & Cobb, 2004), M3 
investigated specific attributes of a game-tutor that were most conducive to fluent and effective 
play.   
Despite the vast potential of educational software and “serious games”, research shows 
mixed results.  In a meta-analysis, Wouters, van Nimwegen, van Oostendorp, & van der Spek 
(2013) found the most impactful factors that made games effective learning tools were multiple 
opportunities to play, adding context, and working in groups.  Another meta-analysis by Young 
et al. (2012) found little support for games in the learning of math and science.  Yet, it is 
important to keep in mind that the rigor of “experimental” research in gaming is still developing.  




Often studies fail to implement proper controls, comparisons or measurements.  Sometimes the 
benefit of an intervention can’t be captured solely in students’ performances on formal and 
standardized assessments.  A tutor-game that may or may not show a “significant” difference 
could be preparing students for future learning (Bransford & Schwartz, 1998).   
Margaret Honey and colleagues of the National Research Council (2011) Committee on 
Science Learning: Computer Games, Simulations and Education at the National Academy of 
Sciences issued a report calling for more studies on the efficacy of games in learning, in both 
formal (in school) and informal (out of school) contexts, as means for designing curricula that 
can cater to the individual and is scalable for distribution.  In creating M3, it was important to 
balance the considerations for creating a tutor-game that was not only designed to deliver a 
digital curriculum but that was also a tool for experimentally controlled research to differentiate 
between different types of activities and their impact on learning.  As a digital tutor-game, M3 
lets students learn fractions by splitting virtual objects and comparing them in collaboration with 
pedagogical agents (e.g. Graesser, Jeon & Dufty, 2008).  Together, they develop skills 
estimating the magnitude of fractions, formalizing componential concepts of denomination and 
numeration.   By connecting interactive pictorial displays to their formal symbolic referents 
(see Ainsworth, Bibby and Wood, 1997), researchers created assets specifically designed to 
scaffold learning (Bruner, 1967) and provide timely feedback (Simon & Tzur, 2004) that helps 
students learn.   
Good design, according to Brown (1992), should help externalize mental events through 
active learning by fostering learners’ discoveries.  Delivering information when needed with 
explanatory coherence encourages reflection on the relationships between superficial and deep 
analogical thinking.  For the educator, good design enables researchers to determine the 




efficacy of the intervention and attribute students’ outcomes to pedagogical features (Cuendet, 
Jermann, Dillenbourg, 2012; Edelson, 2002).  Barab et al. (2004) stressed the importance of 
DBR “involv[ing] flexible design revision and multiple dependent variables” (p.3).  The M3 
research project implements a DBR to develop a successful tool for engaging young students to 
learn mathematical fractions, collecting both quantitative and qualitative data (e.g., field notes, 
clinical interviews, surveys, video recordings) to refine pedagogy, curriculum, narrative and 
ludology (aka, game play) (Barab et al., 2007).   
The Dissertation Study. 
The current research aims to invest users in their own learning by physically vesting them 
in their own explorations, offering them opportunities to engage in perceptually rich experiences 
that stimulate their sensorium (cognitively and affectively) (Black, Segal, Vitale & Fadjo, 2012) 
and precipitate reflexive didacticism that prepares them for their own future learning (Bransford 
& Schwartz, 1998).   M3 is designed to tutor students in mathematics through a game-based 
simulation that utilizes the interactive gestural interface of digital tablets to embody the concepts 
of fractions that underlie the successful completion of the activities in the game.  M3 offers 
repeated practice splitting energy bars into equal parts, selecting the correct number of parts and 
comparing fractions to determine equivalency.  Ideally, in the course of completing these 
activities, students’ perceptions focused on the perceptual features (e.g., “parts”) and how they 
are represented by numerical formalisms (e.g., denominators, numerators) (Barab et al., 2007).  
Ultimately, we hypothesize that the embodied understanding of the fractions concept, situated in 
context, will not only promote better learning but also aid in both near and far transfer of 
fractions across many domains.   
In the following series of studies, we designed, developed and researched a digital tablet 




tutor-game to investigate how gestures and narratives perceptually grounded cognition in context 
through the body.   Thus, our overall research questions were:  
(1) Will using different gestures to embody the procedural actions for fracturing objects 
(i.e., making fractions) impact students’ explicit, implicit and tacit learning and 
knowledge? (e.g., Broaders, Cook, Mitchell & Goldin-Meadow, 2007);  
(2) Can a narrative (based on the Emmy award winning PBS Television series, 
Cyberchase), help cohere the causal relationships of a problem space by situating 
students in a concrete context (e.g., Graesser, Hauft-Smith, Cohen, & Pyles, 1980) 
contribute to better learning? 
By collecting both qualitative and quantitative data, this research provided multiple sources of 
evidence for how players are conceptualizing fractions (i.e., estimating, denominating, 
numerating and determining equivalence) from the M3 curriculum.  Interactions between 
players and the tutor-game highlighted design issues in the course of developing M3.  Between 
iterations, we made changes in pedagogy, curriculum, narrative, gestures and the overall 
ludology (game play).  The data revealed how M3 impacted students’ learning, motivation and 
engagement, especially how different implementations of gestures and or narrative improved 
learning with insights into “why” and “how” they do.  In the final study, Mobile Movement 
Mathematics- Iteration 3 (M3:i3), we tested the latest version of the tutor-game to investigate 
how gestures and narratives embody and situate learning of mathematical fractions to answer 
our research questions. 
  




~ Chapter 2 ~ 
There is an apple tree afar.   
Go. Climb. Search. Pick. Share. 
How many people?  
For three to one fraction! 
 
Fractions From Fracturing.  
 
Situating Embodied Mathematics. 
This dissertation research investigates learning outcomes under two broad theoretical 
frameworks: (1) cognition is grounded by embodied interactions (Valera, Thompson & Rosch, 
1991; Barsalou, 2008; 1999; Black, Segal, Vitale and Fadjo, 2011; Glenberg, 1997; 2003; see 
Wilson, 2002 for a review) and (2) cognition is situated within contexts (Vygotsky, 1934/1978; 
Brunner, 1966; Lave, 1988; Collins et al., 1989; Greeno, 1998; 1999; Barsalou, 1992, Barab et 
al., 2007; Roth, 2002).  Within these frameworks, M3 operationalized embodied learning of 
mathematical fractions by using different types of gestural mechanics to simulate the procedures 
for fracturing objects and situate students’ learning in contexts by using different types of 
narratives.  This theoretical section explains the frameworks for the development of the M3 
project, including the theory of grounded and embodied cognition, the capacities for 
mathematical thinking, the pedagogy for learning fractions, the role of narrative in situating 
cognition and the design-based research approach for developing a digital tutor-game.   
 
Minding the Body  
In 1966, Jerome Bruner posited that learning followed a spiraling hierarchical 
progression from enactive to iconic to symbolic representations. Unlike Piaget, Bruner et al. 




proposed that children learn when the formatting and sequencing of the information is 
concordant with the child’s development (thus, cognition is a consequent of exposure to 
experiences and not the result of deterministic genetic epistemology of staged development). 
Bruner et al. coined the term scaffolding in which children learn when they are provided with a 
framework to they can attach their ideas. 
Bruner’s ideas amplified earlier ideas of Lev Vygotsky, a Russian psychologist whose 
work was veiled behind the iron curtain for more than 35 years.  Vygotsky was fascinated by 
the dualism of the mind/body problem.  Once the ruminations of philosophers’, the extension of 
the mind into the world via the body became the focus in the budding field of psychology.  At 
the turn of the 20th Century, Vladimir Lenin commissioned a team of scientists, including Lev 
Vygotsky and Alexander Luria, to make Russia a world leader in psychological research. 
Though Psychoanalysis was big in Germany and Austria, Russian psychology followed the 
development of the filed in the United States, using combinations of experimental, clinical and 
observational methodologies for investigating behavioral development.  Vygotsky’s research 
focused on the impact that society and culture play in developmental psychology.  His most 
important contribution was the Zone of Proximal Development (ZPD). The ZPD, like Brunner’s 
scaffolding, theorized that the learning that occurs when a skilled tutor instructs a pupil is rooted 
in the discrepancy between abilities and capabilities (Buxton, 1984; Swart, 2011), rooted in the 
social interactions between individuals and groups.  Essentially, opportunities to explore are 
what give meaning to our perceptions and conceptions. 
 In 1966, James Gibson published his work on perceptual systems.  In it, he argued that 
awareness (i.e., consciousness) is a product of the integration of motoric and sensory information 
between the organism and that organisms’ perceptions of the world (i.e., the environment). 




Gibson (1979) argued there are understandings that learners develop inherently from leveraging 
the affordances environments provide.  Whether mental structures are abstract symbolic 
representations of phenomena or if they have epiphenomenal qualia (i.e., the quality of an 
experience; Dennet, 1988), they are rooted in perception and action.   
Being able to create a mental perceptual simulation of a problem space when retrieving 
the information or reasoning about it (Barsalou, 2008, 2010; Black, 2010), the 
perceptually-grounded embodiment of human cognition is a natural part of the way students 
understand and interact with the world.  Perceptual groundings (exterio/interio/proprioception) 
provide feedback that guides learning and designing pedagogy around real world activities 
makes processes usable and knowledge meaningful (Dewey, 1939). Figure 1 models how 
cognition arises from the 
confluence of sensorium and how 
the interconnectedness of afferent 
and efferent pathways amalgamate 
into the mind. Barsalou (1999) 
suggests that this is because the 
internal representations inside our 
minds are not abstract symbols, but 
perceptual ones derived from the 
confluence of sensory and motor 
processes that arise from 
remembered referents. 
Experimental behavioral and 
 
 
Figure 1. A model of embodied cognition based on Barsalou (1999; 
2008) that links perceptual processing (audition, vision, 
somatosentation, olfaction, gustation) of stimuli, distributed in 
parallel networks (cortical and sub-) that stimulate working memory 
(WM; Baddeley, 1986), and through repeated 
exposure/signal-strength, gets consolidated into long-term memory 
(LTM).  




neuroimaging results have shown that many psychological phenomena that were thought to be 
purely symbolic show perceptual effects as well. Kosslyn, et al. (1983) used neuroimaging to 
show that mental imagery tasks activate cortical regions associated with perceptual processes. 
Years later, Schwartz and Black (1996) conducted behavioral studies investigating people’s 
abilities to determine the rotation of a gear placed in a chain of gears. They found evidence that 
people channeled perceptual information, offloaded it through motoric activity (gesture) before 
developing an abstract rule (a parity rule) to determine the rotation of the final gear and 
follow-up and neuroimaging using ERP signatures showed parallels between the brain processes 
governing different kinds of reasoning and the brain processes governing other sorts of 
representations (Maddox, Froud & Black, 2013).  
The embodied cognition perspective shows that perceptual variables like size, weight, 
spatial orientation, motion, etc. all impact cognitive processing (i.e., verification times and errors 
rates) (Kosslyn, 1980; Franklin and Tversky, 1990; Glenberg and Kaschak, 2002; Solomon & 
Barsalou, 2004; Feica & O’Neill, 2010; Flusberg & Boroditsky, 2011).  Glenberg, Gutierrez, 
Levin, Japuntich, & Kaschak (2004) shows how to teach reading comprehension using a 
grounded cognition approach. They found that having 2nd grade students act out stories using 
toy farmers, workers, animals and objects increased their understanding and memory of the story 
they read.  If they imagined these actions for another, related story, after acting it out with the 
toys, they seemed to have acquired the skills for forming internal representations, increasing 
their understanding and memory of these stories.  By grounding cognition in the perceptual 
antecedents of the physical world, students reading comprehension improved.   
Black (2007) discussed research from his lab on how learners immerse themselves in 
imaginary worlds from which they can form robust mental models.  In two studies, researchers 




compared three groups’ understandings for the layout of a cathedral (text only, text + floor plan, 
text + floor plan + pic).  They found that the floor plan was the most significant contributor to 
students’ performances and after adding explanatory text in a third study, found that adding 
meaning to the diagram was optimal.  In another experiment Black and colleagues had students 
designing colonies on Mars and found that adding functional information to surface features 
improved students reasoning about the system.  In another study, they found that adding 
background information helped contextualize participants’ learning.  Studies like these 
indicated that grounded linking concepts to their symbolic representations was optimized by 
engaging both the body and mind.  
 
Embodied Cognition and the Design of Learning Environments 
Gick and Holyoak’ (1983) demonstrated how the analogs of both verbal and/or spatial 
information are often abstracted into information used to construct mental models that are robust 
enough to transfer between different domains.  Tversky & Kahneman, (1974) showed how the 
process of abduction (the process of generating abstractions) allows learners to anchor and adjust 
their thinking, then an embodied analogue of a concept should retain the its properties, even as a 
symbolic representation.  In learning mathematics and science, Goldstone, Landy, and Son 
(2008; 2010) posit that internal representations are developed in parallel with perceptions, and 
this compliments Chi, Feltovich, & Glaser’s (1981) work that found that novices use superficial 
perceptual details when learning a new domain learning a domain.   
In designing learning environments, Black and his colleagues (e.g. Black, 2010; Black, 
Segal, Vitale and Fadjo, 2012; Black, Kahn & Huang, 2014) discussed a series of research 
projects that created perceptually rich computer-based simulation games to investigated embody 




cognition for learning of a variety of topics including geometry, arithmetic, physics and spatial 
thinking. First, Vitale, Black and Swart (2014) found that navigating a robot avatar around 
obstacles in a virtual terrain to learn geometric concepts, combined with hand gestures to act out 
symbolic the properties (i.e., parallel lines, right angles, congruency) improved students’ learning 
and understanding of geometric shapes.  Second, Han and Black (2009) found that having 
students manipulate a graphic simulation of gears on a computer screen with a joystick that 
provided force feedback improved their learning of the physics concepts involved.  Third, Chan 
and Black (2006) found that moving sliders to animate a roller coaster to visualize changes in 
physics concepts was beneficial to learning.  And in a collection of projects, Lu, Black, Kang 
and Huang (2011), Fadjo and Black (2011), Huang (2013), Kahn (2014) all found that having 
students physically act out the roles of robots or video game avatars increased learning and 
understanding physics, computational thinking or history, and that students were confident in 
their learning.  Fortunately, computer-based simulations can provide manageable, flexible, 
dynamic and retrievable (important for repeated play) data that tracks players’ progress, their 
performances, their responses to feedback, receipt of scaffolding and how their performances are 
indicative of the connections they are making between specific and generalized representations 
(Clements and McMillan, 1996; Azevedo, 2005). 
 
A Part of the Whole: Learning Fractions 
As a precursor to algebraic thinking, fractions are the frontier in the teaching of 
mathematics, especially for the target ages for the current study from 8 to 11 years.  The NCTM 
standards for grades 3 – 5 state that students should: (1) recognize equivalent representations for 
the same number and generate them by decomposing and composing numbers; (2) develop 




understanding of fractions as parts of unit wholes, as parts of a collection, as locations on number 
lines, and as divisions of whole numbers; (3) use models, benchmarks, and equivalent forms to 
judge the size of fractions; (4) recognize and generate equivalent forms of commonly used 
fractions, decimals, and percentages; (5) explore numbers less than 0 by extending the number 
line and through familiar applications (NCTM, 2015).   
Siegler, Thompson, and Schneider (2011) found that math learners’ ability to accurately 
represent the numerical magnitudes of fractions was predictive of fraction arithmetic proficiency 
and overall mathematics achievement test scores.  Fractions, as an understanding of the 
relationships between parts and wholes (as the foundation for proportion, ratio, scale, and 
percentages and decimals), is not only critical for algebraic thinking (NMAP, 2008; Booth & 
Newton, 2012), but for learning other forms of math.  Moreover, estimation skills are predictive 
of later mathematical achievement (Baily, Hoard, Nugent, Geary, 2012; Siegler et al., 2012; Bos, 
Kroesbergen, Van Luit, Xenidou-Dervou, Jonkman, Schoot & Van Lieshout, 2015) – even 
across cultures (Torveyns, Schneider, Xin & Siegler, 2015).  Yet, for many people, fractions 
remain difficult.   Researchers reason that this is due to the dichotomy between a fraction as 
integer parts (numerator) of an integer whole (denominator) and its discrete continuous value 
(Moss & Case, 1999; Lakoff & Nuñez, 2000).  Ni & Zhou (2004) highlight the fractions 
paradox, namely, that fractions have origins in the real world but are bound cognitively to 
symbolic mathematics.   
For the cognition of fractions, math educators and cognitive psychologists take different 
positions on the ontogenesis of fractions knowledge as a duality of conceptual and procedural 
knowledge (Hiebert & LeFevre, 1986). Amongst cognitive theorists, there are some who posit 
that conceptual knowledge comes before procedural (Hecht, Close & Santisi, 2003), others that 




procedural precedes conceptual (Fuson, 1988, Karmiloff-Smith, 1992) and others that the two 
types of knowledge are interdependent and develop reciprocally of one another (e.g., Mutually 
Facilitative Interaction; Bailey et al, 2014; Byrnes & Wasik, 1991).  Rittle-Johnson and Alibali 
(1999) found that instruction of concepts increased conceptual understanding and transfer to 
procedural knowledge and instruction of procedural knowledge increased conceptual knowledge 
but with minimal transfer of the procedural knowledge, and concluded that the two were 
interrelated, but conceptual knowledge had a greater impact on procedural knowledge.  
Schneider and Stern (2010) note that finding convergence and or divergence between conceptual 
and procedural knowledge is often difficult.  They highlight that many empirical investigations 
attempt to validate assessments that are frequently used to measure the interrelations between 
conceptual and procedural knowledge.  Schneider et al. looked for common components 
between the two by running latent factor analyses, but were unable to successfully validate 
convergence or divergence for either type of knowledge.  They suggested, like Rittle-Johnson 
and Siegler (1988; as cited in Schneider et al.), that there is an inhomogeneity of findings across 
many of the studies that have tried to differentiate between the two types of knowledge due to 
domain differences between various phenomena that are attributable to more than one cause.   
Moreover, assessments designed to differentiate between conceptual and procedural knowledge 
are often confounded, by the non-systematic variance in measurements and the fact that each is 
often expressed in terms of the other (i.e., procedural knowledge often requires conceptual 
understanding and conceptual understandings often require procedural knowledge).  
For example, Kieran (1988) defines conceptual knowledge as understanding how to 
measure the magnitude of a fraction on a number line and Hallet, Nunes, Byrant & Thorpe (2012) 
had students “shade” parts of shapes and “circle” objects from sets.   In measuring procedural 




knowledge, assessments often focuses on the algorithmic arithmetic operations between fractions 
(i.e., addition, subtraction, multiplication and division) (Hecht et al., 2003; Schneider et al., 2010; 
Hallet et al., 2012) but ontologically, explanations for procedural knowledge center around the 
concepts that govern those procedures (e.g., needing like denominators, adding numerators).  
The ability to solve fraction problems relies on understanding the conceptual and procedural 
understanding and is crucial to childrens’ (and adults’) mathematical development (NMAP, 
2008).  From an embodied perspective, we argue that concepts like unit fractions and equal size 
parts are inseparable from the procedures needed to create them.  Thus, the current study 
employs a pedagogy encapsulated around Mutually Facilitative Interactivity (aka, conceptual 
proceduralization, procedural conceptualization or proceptualization) that intertwines fractions 
concepts and procedures to facilitate understanding.   
For children learning math, the introduction to formal numeracy begins by counting 
objects in a set that typically yields a unique cardinal value that corresponds to the last number 
counted (Siegler, Thompson, and Schneider, 2011).  Many educational theorists, including 
domain theorists (Gelman and Williams, 1998; Wynn, 2002), evolutionary theorists (Geary, 
2006), and conceptual change theorists (Ni & Zhou, 2005; Vosniadou, Vamvakoussi, & 
Skopeiliti, 2008) suggest that the learning of fractions is made difficult by interference from 
earlier learning of whole numbers (aka, whole number bias).  However, Gallistel and Gelman 
(2000) note that the origins of animal and human numerical cognition stems from the capacities 
for making judgments of objective magnitude, not objective numerocities.  In essence, Gallistel 
et al.’s position is that humans leverage the capacity for magnitude approximation as the root of 
cardinal numerocity in the process of learning integers that leads to real numeracy and has been 
linked to future achievement in mathematics (vanMarle, Chu, Li & Geary, 2014).  




In their integrated theory of number, Siegler et al. (2011). suggest that the ability to 
perform operations on whole numbers and accurately represent their magnitude is part of a 
progression towards the understanding of rational numbers.  Siegler and Schneider (2010) 
demonstrated that adults use a mental number line method to compare the magnitude of fractions 
and order fractions from highest to lowest.  Fostering learners’ understandings of numerical 
magnitude, especially for real numbers using a number line, improved their progression from 
integers to real numbers.  Siegler et al. (2011) also demonstrated that students tend to use two 
strategies when comparing fractions: 1) numeric transformation strategies, where the fraction 
was converted to a more convenient number, and 2) number line segmentation strategies, where 
the participants generated subjective landmarks on the number to help place the fractions and 
compare them.  
Overall, these studies demonstrate the importance of representing fractions using 
representations that enable students to see what quantity the fractions represent.  In a report by 
the Institute for Education Sciences (2010), a team of researchers consolidated a list of the most 
effective ways to develop math learners’ understanding of fractions. After building learners’ 
understandings of sharing, proportion, numerical sense, and magnitude, instruction should focus 
on making sense of how arithmetic operations apply to fractions by using “area models, number 
lines, and other visual representations” and providing opportunities to predict and judge answers 
to problems, address misconceptions, apply fractions to real-world contexts, and hypothesize 
multiple solutions.  
  




The Embodied Origins of Mathematics. 
For many, what makes math difficult is the transition from the informal to the formal.  
Paradoxically, when math is informal, it’s actually in form – that is, it is in the moment as a 
subconscious accrual of stimuli from the environment.  Whether judging distances while 
hunting an animal through the forests or collecting fruit from a tree, the ability to make 
approximations of magnitude for decision-making emerges from the collection of our 
physiological endowments.  When math is formalized into symbolic representations (aural or 
visual), it is actually former – that is, it is abstracted post-hoc into a referent of the experience or 
stimuli.  Formal symbolic representations require a different set of skills for decoding, encoding, 
storing and retrieving both procedural and conceptual information.  As a formalized language, 
mathematics moves beyond mere metering of approximate magnitudes for planning movements 
or tracking the environment.   
In the brain, the number sense is localized to regions of the posterior parietal cortex 
(PPC), including the intraparietal sulcus (IPS, see Figure 2) that are particularly active when 
metering (i.e., determining intervals) numerical quantities 
(Dehaene, Spelke, Pinel, Stanescu, Tsivkin, 1999).  The 
IPS endows human (and other animals) with a trainable 
ability to approximate magnitude and proportions (Fias, 
Lammertyn, Reynvoet, Dupont, & Orban, 2003; Pinel, 
Piazza, Bihan, & Dehaene, 2004).  
Vogel, Grabner, Schneider, Siegler and Ansari (2013) 
imaged the IPS using fMRI while participants made numeric (e.g., horizontal number line) or 
non-numeric (e.g., brightness) comparisons, and corroborated that the IPS was indeed not task 
 
Posterior parietal cortex: Medial & Lateral view 
 
Intraparietal sulcus: Lateral & Posterior View 
 
Figure 2. Math-y Areas in the Brain 




specific, but process oriented.  In essence, the IPS seems to allow comparative judgments of 
magnitude and is what affords our approximate number system (ANS; Feigenson, Dehaene, 
Spelke, 2004) also called the analog magnitude system (AMS; Barth, Baron, Spelke, Carey, 
2009).  Ishebeck, Schocke and Delazer (2009) used fMRI to investigate the regions of the brain 
specific for the magnitude of fractions using Dahaene’s (1992) numerical distance task and 
found that the IPS is associated with processing real number values of fraction (i.e., the quotient 
from the division of the numerator by the denominator), not individual magnitudes of either 
components (i.e., whole number bias).  Thus, as a person develops more precise numerical 
estimations of fractional magnitudes, their holistic understanding of the relationship between the 
parts and the whole.  
In their book, Where Mathematics Comes From: How the embodied mind brings 
mathematics into being, Lakoff & Núñez, (2000) argue that advances in cognitive science have 
revealed that human concepts and human reason are embodied, that the cognitive subconscious is 
often not accessible to direct introspection, and that humans have a tendency to “conceptualize 
abstract concepts in concrete terms” (p. 5).  In total, the concrete origins of many of our 
abstractions are rooted in the sensory-motor system (e.g., the primary and secondary motor 
cortices in parietal lobe of the brain, and areas to the posterior including the IPS).  Lakoff et al. 
illustrates how the metaphor that numbers are points on a line (i.e., a number line) enables 
analytic geometry, trigonometry and many other forms of math. As semiotic conventions, 
number lines are a metaphorical representation of space as magnitude that caters to the ANS.  
Another metaphor, that numbers are sets, is crucial not only to basic arithmetic, but is foundation 
to set theory, categorization, classification, sorting, etc.  Lakoff and Núñez (2000) highlight that 
these conceptual metaphors are not merely figures of speech but are “cognitive mechanisms”, 




grounded in our actions that allow us to make inferences between different conceptual domains. 
In total, “[m]athematics is a product of the neural capacities of our brains, the nature of our 
bodies, our evolution, our environment, and our long social and cultural history” (p.7).  
Conceptual metaphors, Lakoff et al. highlight, are composed of conceptual primitives 
called image schemas that depict the spatial relations of language that are both perceptual and 
conceptual, and link language to spatial perception.  Like language, mathematical symbols are 
merely symbolic referents of ideas.  For example, the container schema is a gestalt of the 
interior, the boundary, and the exterior.  In the early days of cognitive science, Bartlett (1932) 
demonstrated how humans tend to organize memory into schemas, and how violations of 
existing schemas often lead 
to more errors in recall and 
are mental analogues of the 
actions in the physical world. 
The metaphorical schemas 
that conceptualize into 
formalized fractions are 
illustrations of how experiences with objects give rise to part-to-whole concept.  As learners 
encounter these experiences, they develop more complex understandings of what it means to 
fracture a quantity; their sense of magnitude and ability to meter becomes more acute and 
accurate (Siegler & Opfer, 2003; Booth & Siegler, 2008). This means that educators, and more 
specifically, those designing a digital tablet tutor-game must create curricular activities that 




Figure 3. Five grounded conceptual metaphors for numeracy and arithmetic 
operations of fractions based on Lakoff & Núñez, 2000. 
 




Mathematical Gestures that Count. 
Schwartz and Black (1999) found that when participants were simply asked whether 
glasses of differing widths filled with water would spill when titled at different angles, they were 
usually incorrect.  However, when they closed their eyes and tilted the glasses until the 
imaginary water at the given level reached the rim, they tilted the glasses correctly.  Schwartz et 
al. emphasized the importance of the imagined action and the physical activity – that participants 
essentially knew by simulated doing.  In another study, Schwartz and Holton (2000) found that 
using physical tools (i.e., engaging in motoric activity) facilitated mental rotation tasks.  If 
physical activities are sources for revealing implicit, explicit or tacit knowledge, then how can 
they be leveraged for learning fractions? 
Fortunately, research has confirmed that gesture bridges between action and 
communication (Meadow, Alibali & Church, 1993; Roth, 2002) and can be used as a bridge for 
concepts (Goldin-Meadow, Cook, and Mitchell, 2009).  Alibali, Bossok, Solomon, Syc and 
Goldin-Meadow (1999) posited that spontaneous gestures are often embodiments of mental 
representations of math problems and Alibali and Nathan (2012) illustrated how gestures often 
serve as representations of mathematical structures, spatial arrangements, correspondences and 
simulations of actions.  Additional research has shown that both spontaneous and purposeful 
gestures help individuals depict objects, events and concepts, derive mental models, formulate 
visualizations and develop their own rationalizations (Goldin-Meadow, 2001; Morsella & Krauss, 
2004; Chu & Kita, 2011; Tversky, 2009).  As pedagogical tools, Goldin-Meadow, Cook, and 
Mitchell (2009) combined metaphorical and deictic dimensions to use a pairing gesture to 
facilitate arithmetic balancing of equations.  Segal, Tversky and Black (2014) demonstrated that 
gestures that are congruent with the concepts being learned better learning outcomes. To this 




point, Núñez (2005, 2008) suggests that gestures even serve as embodied metaphors for 
mathematical concepts.  According to Hostetter’s and Alibali’s (2008) theory of Gestures as 
Simulated Action, gestures “emerge from perceptual and motor simulations that underlie 
embodied language and mental imagery… that arise from an embodied cognitive system” (p. 
495).  So, can designing a pedagogy that leverages intentional gestures be used to communicate 
ideas to ourselves?   
Kessell and Tversky (2011) postulate (in accordance with Baddeley’s (1992) model of 
working memory) that gestures serve as a type of embodied sketchpad for offloading information 
and reducing cognitive load.  The commonly used taxonomy of gestures developed by McNeill 
(1992) highlights that gestures need not be singularly defined categorically; rather, they exist 
along a continuum (a.k.a., “Kendon’s Continuum”) that is dimensional. McNeill’s quartet of 
semiotic gestural dimensions are: (1) iconic - representative of concrete entities and/or actions, (2) 
metaphoric - represent of abstract entities or processes (e.g., spanning gesture to represent 
arithmetic summation), (3) deictic - typically an index pointing to a referent, but can be 
performed with any part of the body, and (4) beat - accompany the prosody of speech and can 
also be used for emphasis of time and context; these gestural dimensions can be combined to 
reflect complex concepts.   
Pointing gestures (deictic), ground cognition in the physical environment by identifying 
their referents, either in actuality or metaphorically.  This echoes Ballard, Hayhoe, Pook and 
Rao’s (1997) work on pointing gestures as deictic bindings that show evidence in processing 
time latency that they are linking sensory, motor and cognitive activity. Representational 
gestures (Alibali et al., 2012) not only identify and ground similarly to deictic gestures, but they 
include other dimensions (e.g., iconic / enactive / symbolic / metaphorical) that allow them to 




simulate physical and mental actions and embody mathematical concepts. Norman (1991) 
discussed the challenges and importance of making tools that mediate learners’ interactions with 
the environment, and making their connections to the concepts they represent transparent.   
Thus, it is imperative that the current proposal utilizes gestures that embody fraction concepts.  
The goal is to emphasize the congruency between one’s physical state and one’s mental state if 
fractions can be created through simulations of fracturing.  
A study by Segal, Tversky and Black (2014) effectively demonstrated that gestures that 
are congruent with the mathematical concepts being learned produce better learning outcomes 
than non-congruent gestures.  Gestures determined to embody fraction concepts emphasize the 
congruency between one’s physical state and one’s mental state. Students added better with 
discrete deictic points (i.e., congruent to the iterative process of counting) and they estimated 
better on number lines with continuous sliding gestures (i.e., congruent with the continuum of 
the number line).  The congruency principal they employ (Tversky, Morrison & Betrancourt, 
2002), may be a source for producing better learning outcomes.  
From the evidence presented, it seems that gestures that are congruent with the actions 
and concepts establish an intrinsic link between a game and its mechanics that is beneficial for 
learning (Lundgren & Björk, 2003; Habgood & Ainsworth, 2007; 2011; Chase, 2012 Vitale, 
Swart, & Black, 2014).  Thus, researchers must utilize gestural mechanics that best embody the 
processes that fracture to make fractions.  Within the wide range of gestures that developers 
could create for a digital tablet interface, which ones are optimal? 
 
Situating through Narrative.  
In a recent radio broadcast on National Public Radio, President Barak Obama 




congratulated the radio host of Prairie Home Companion, Garrison Kiellor, for his 41 years of 
story telling.  In his remarks, President Obama echoed Fisher’s (1984) writing about story 
telling as a unique vestige of being human.   
Situating players in a narrative is crucial for their personal investment and their 
motivation to solve each new problem state.  Ideally, the story should promote learners’ 
abilities to construct their understandings, allowing them to chunk procedures for creating 
fractions into scripts and schematize their 
relationships into a precise mental model 
as they pursue the goal (Black, Turner & 
Bower, 1979; Black & Wilensky, 1979; 
see Figure 4), fostering an overall 
coherence (Black & Bern, 1981) that 
frees up cognitive resources (i.e., Sweller, 
1988; Chandler & Sweller, 1991).   
Developing an effective narrative includes characters, locations/scenes, objects/assets, 
actions and themes that invest the audience in the continuity of the plot’s trajectory (Graesser, 
Singer, Trabasso, 1994).  Designers must effectively situate players in problem spaces that 
enable them to construct context models as a part of their workable mental models 
(Johnson-Laird, 1980; Van Dijk & Kintsch, 1983).  Figure 5 diagrams the structure of 
a good narrative environment. Van Dijk (1997) highlights that the details of a narrative (its 
microstructure) are the entry points (sources) to the goal (macrostructure), and the paths 
(strategies) that the protagonist (i.e., the learner) takes in learning the embedded.  In research, 
there are mixed findings for benefit of contextualizing learning within a fictive scenario.  
 
 
Figure 4. A model for situating context (Black, et al. 1979). 
 




Graesser, Hauft-Smith, Cohen, 
and Pyles (1980) proposed that 
narrative text is better retained in 
memory because the events and 
actions are more concrete and are 
organized in more cohesive causal 
relationships, whereas in contrast, 
expository texts are usually more 
abstract and loosely organized.   
Many researchers advocate for situating problems in contexts as a means for learning and 
discovery (Black, Turner, & Bower, 1979; Black & Bower, 1980; Lesh, 1981; 1985; Brown, 
Collins and Duguid, 1989; Vera & Simon, 1993; Greeno, 1998; Barab et al., 2007).  
Evaluations of the efficacy of narrative as a pedagogy is more complex and there is still much 
debate over the impact of narrative, and whether it has a positive impact on learning (i.e., 
situating cognition; see Brown, Collins & Deguid, 1989; Greeno, 1998; Schwartz & Bransford, 
1998) or negative impact (i.e., cognitive overload; Kirschner, Sweller & Clark, 2006) by 
distracting from salient information as seductive details (Harp & Mayer, 1998; Adams et al., 
2012).  Ultimately, it is important to foster a sense of relevance (Thorndike, 1917; Vygotsky, 
1934/1978; Van Dijk, 1997) of the content in the context, which, in this case, is created through 
the narrative, and the discourse it fosters, implicit or explicit. 
For contextualizing learning, Bower and Clark (1969) showed that participants 
remembered word lists better when they connected them in a narrative-based causal chain and 
follow-up a decade later by Bower, Black and Turner (1979) showed that violations of those 
 
 
Figure 5. Macrostructure and Microstructure in the development of a 
narrative environment (context) that structures user ‘s interactions via 
source (proglem), path (strategies) and goal (solution) orientation 
(Johnson-Laird, 1980; VanDijk & Kintsch, 1983). 




scripts through perspective changes from the original narrative can impact comprehension, 
memory and production.  Moreover, Black and Bower (1980) proposed that stories, with the 
structure of actors solving problems, the successful strategies they used and the settings that 
objects were situated in were integral in participants recall. Thus stories can be a good way of 
packaging problem solving strategies for learning. 
Black (2010) argued that the mental models created from the contextual narratives are not 
just semantic associations, but are actually perceptual simulations of the imagined space.  
Franklin and Tversky (1990) had participants study narratives describing spaces using second 
person pronouns.  In the recall procedure, they changed the participants’ orientation and found 
that the mental models people formulate for the space around them are oriented around the axes 
of their body.  Thus, not only can narrative situate learning in a semantic context, but it can also 
help embody a problem space.  
In mathematics learning, understanding is not always rooted in formal contexts.  Lave, 
Murtaugh and de la Rocha (1985) demonstrated that context of a grocery store can be a source 
for mathematical learning and Saxe (1988) showed how child street vendors in Brazil regularly 
performed mental arithmetic problems in the context of the marketplace even though they could 
not complete similar problems in formal contexts.  Though these studies highlight the potential 
of contextualized learning in both formal and informal contexts, they fall short of answering 
whether contextualization is better or worse for experts or for novices.   Hence, the benefit of 
context, and who it benefits and for what type of context, is in need of investigation. 
Greeno (1986) advocated for creating effective instruction by actively engaging learners 
and connecting them with their intuitive understandings of concepts, including their procedures 
and symbolic representations.  For mathematics and science learning, narrative frameworks can 




construct meaning by either bringing the learner inward or extending outward towards them 
(Hobbs & Davis, 2013).  In their discussion of narrative based games, Mallon and Lynch (2014) 
discuss the longstanding arguments from film and literature between psychological and 
apsychological narratives.  Psychological narratives advance the plot through direct interactions 
with the characters compared to apsychological narratives that do not.  Mallon and Lynch (2014) 
collected stream of conscious diaries from students and performed content analyses to see 
characters impacted students perceptions.   Students remarked on feedback they received, 
logical cause and effect interactions, characters that remembered them and their ability to impart 
behaviors that directly altered the course of the narrative.  Dickey (2006) posits a collection of 
heuristics for developing a gaming narrative: (1) present the initial challenge; (2) identify 
obstacles; (3) establish roles, (4) establish the players constraints and affordances that will broker 
their psychological investment, (5) center the curriculum and pedagogy around the narrative 
backstory, (6) support the backstory with cut scenes (i.e., interstitials) that cohere the micro and 
macro structure of the narrative.  In Ryan’s (2009) poetics of interactive narratives, she 
advocates for the balance between user agency and the a priori progression of the narrative. 
diSessa (1986) supports the usage of computers to help turn experiences into abstractions.  
Research of the VR tutor-game Crystal Island situates players in a narrative as epidemiologists 
charged to investigate why the population of Crystal Island is getting sick.  Rowe, Shores, 
Bradford and Lester (2011) found evidence that various narrative-associated features such as 
guidance and dialogic engagement produced better learning outcomes and problem solving for 
students.   Rowe et al. (2011) highlighted how tutorial planning agents propelled the narrative 
and modeled behaviors for students using archetypes of dialogue and increased engagement as 
functions of time, performance and transfer measures.  And while many of their models showed 




positive correlations between narrative events and positive outcomes, their investigations often 
tethered the narrative to other elements like scaffolding, feedback or curriculum (e.g., the 
Pedagogical Agent delivers vital information needed to solve the problem).  
In another example, Ketelhut, Dede, Clarke, Nelson and Bowman (2006) evaluated the 
multi-user virtual environment (MUVE) called River City that situates multiple players 
endeavors into virtual contexts where computer-controlled agents are suffering from heath 
epidemics.  Players are charged with finding the causes of the chronic illnesses (i.e., 
epidemiology) by employing scientific method as deductive and inductive problem solving and 
the data log of their game play provided evidence of their strategic approaches and learning 
compared to a paper and pencil control.  While Ketelhut et al.’s points regarding the value of 
the data log for tracking game-play and determining the nature of students investigations are 
most likely valid, there is a trend for evaluative research of these complex, dynamically 
interactive environments like River City and Crystal Island to evaluate their efficacy by 
comparing their environment to static, paper and pencil “controls” that have pedagogical 
approaches so drastically different that essentially, it is not a controlled comparison.  Yet, many 
studies continue to make causal attributions for the effectiveness of gaming environments 
without truly controlling (i.e., isolating) for the contributions of the independent variables.  
In response, Chi and Wyliea (2014) developed their ICAP framework (interactive, 
constructive, active and passive) arguing that the affordances between each type of intervention 
are experimentally incomparable using the tenants of the scientific method and the notion of 
controlling for the potential impacts of independent variables. For example, Tolentino, Birchfeld, 
Megowan-Romanowicz, Johnson-Glenberg, Kelliher and Martinez (2009) and their work 
evaluating their mixed-reality (i.e., augmented reality) Embodied Mixed-Reality Learning 




Environment (EMRELE) developed at SMALLab.  It combines physical manipulation through 
gestural mechanics of virtual objects for inquiry-based learning about chemical titration and 
spring physics.  In their study, they attribute features of the system (interactive embodied 
learning, distributed collaboration, feedback, scaffolding, dynamic assets) to students’ learning, 
but did not make any attempts to compare such a uniquely engaging system to traditional 
pedagogies. And in a later study, Johnson-Glenberg, Birchfield, Tolentino and Koziupa (2013) 
reported significantly higher learning gains from their EMRELE compared to “regular” 
instruction.  While we do not detract from the fact that these technologies are most likely more 
engaging and effective, this type of research highlights how often evaluations of new learning 
technologies are remiss in isolating the underlying features of their digital pedagogy that 
contribute to student learning.   
 
Learning on Mobile Devices. 
The proliferation of mobile devices, especially “smart phones” like the iPhone and 
Android, in addition to tablet devices like the iPad, is a great opportunity to expand learning 
beyond the classroom.  Antle (2007) found that touch-based interfaces engage young learners 
better than traditional media (including mouse-driven computer desktops!) and demonstrated that 
gestural interfaces rate higher in usability than other interactive media devices. Shaffer (2009) 
found that many mobile devices allow users to interact with applications in ways that are more 
naturalistic which in turn reduces cognitive load.  For example, many devices incorporate 
mechanisms like piezoelectric actuators that allow developers to provide haptic feedback to the 
user that improves users’ interactions (Leung, MacLean, Bertelsen, Saubhasik, 2007). By 
concretizing the gaming environment, the current proposal aims to minimize complexity and 




maximize familiarity (Shneiderman, 1998), while creating a “transparency” of the interface that 
allows users to focus on the content of the game and not the usability (Segal et al., 2014).   
Pedagogically, it is important to provide math learners with opportunities to ground their 
own understandings through their own activities and embody their cognition (Núñez, Edwards, & 
Matos, 2006).  Since embodied learning incorporates all three types of sensory input (visual, 
auditory and haptic (see Baddely, 1992; see Ricker, AuBuchon. & Cowan, 2010) to aid in 
concept formation and understanding, it is crucial that the current dissertation takes full 
advantage of the multimodal interface of the latest mobile devices.  Studies on the usage of 
digital devices to promote learning show that games and simulations that incorporate sight, 
sound and touch, are significantly better than those that do not (Chan & Black, 2006; Han, Black, 
Paley & Hallman, 2009; Jang, 2010). 
Situating learning in contexts helps learners connect concepts collaboratively, using tools 
and interacting with artifacts to practice as a form of participation (Lave, 1988; Brown, Collins 
& Duguid, 1989; Anderson, Reder, & Simon, 1996; Greeno, Collins, and Resnick (1996); 
Schwartz & Bransford, 1998; Barab et al., 2007).  The use of narrative to engender students to 
the tutor-game and the implementation of gestural mechanics on a digital-tablet allow learners to 
get physically involved in the activities that are foundational to their mathematical 
understandings (Lakoff & Núñez, 2000). For M3, the 
narratives situate the embodied activities using gesture 
for fracturing objects.  
Martin, Smith, Anderson, Liu and Popovic 
(2012) developed a computer-based fractions game, 




Figure 6. Refraction REMIX 
 




REMIX, players must power up spaceships by energizing them with lasers. 
Figure 7 breaks down game play: 
Players must chose a splitter (A) to 
divide the original laser (B) by placing 
the splitters sequentially in a series 
around the spacescape (C) to divide the 
power of the lasers until they have 
reduced the intensity to the desired laser 
power into the docking bay (D). Martin 
and her colleagues created a game-tutor 
that situates the activities in a coherent thematic structure (i.e., launching spaceship and saving 
animals) that combines depictive and symbolic representations of fractions.  However, the 
principle game mechanic of Refraction (i.e., correctly sequencing and placing the correct 
splitters) does not leverage an embodied approach.  Results indicated that although students 
took less time to complete the curriculum (i.e., they became more efficient at playing the game), 
players showed no significant improvement from pre to post on a direct written assessment using 
area-models.  It is our position that embodying learning promotes better performance and 
transfer, and interestingly, a follow-up study by Baker, Martin, Aghababyan, Armaghanyan and 
Gillam (2015) using functional near-infrared spectroscopy showed that playing of the game did 
activate areas in the parietal cortex as discussed earlier.  This means that even though the 
students were not physically splitting the lasers, they were still processing the fractions according.  
If this is the case, then the question becomes what can be added to the experience that will help 
students learn for contexts beyond the game?    
 
 
Figure 7. Refraction: (A) Choosing a splitter; (B) The main 
laser; (C) Placing the splitters; (D) The Desired Laser Strength  
 




 The tutor-game Math Glow, was specifically 
designed to investigate the impact of different gestures to 
embody mathematics.  Segal, Tversky and Black (2014) 
compared the usage of conceptually congruent gestures to 
the usage of less congruent gestures in addition and 
estimation tasks.  Figure 8 shows the addition task.  
Using conceptually congruent gestures, students tapped 
each block sequentially (i.e., to embody the iterative 
process of counting). In the non-congruent gesture condition, students tapped the numbers at the 
bottom of the screen to indicate their solution.  Figure 9 shows the estimation task.  For 
conceptually congruent gestures, students dragged an indicator continuously from zero to a target 
value.  In the less-congruent gesture condition, students tapped the position along the number 
line corresponding to the target value.     
Overall, Segal et al. (2014) found that congruent 
gestures produced more accurate performances for both 
the addition and number line tasks.  They argue that the 
patterns created by one’s actions in space are 
manipulations of thought through gesture, what Tversky 
(2011, 2013) terms spractions.  By designing multiple 
versions of a tutor-game, researchers can compare specific feature of the tutor-game, like 
different gestures. Though Segal et al. found that students using conceptually congruent gestures 
performed better, their observations of players’ interactions and strategy usage failed to yield any 
significant indicators qualifying why students using congruent gestures performed better.  
 
 
Figure 9. Math Glow: Number Line 
 
 
Figure 8. Math Glow: Estimation. 
 




Riconscente (2011) evaluated Motion Math, a tutor-game for learning fractions that does 
use an embodied approach by having players tilt 
the tablet to guide a virtual falling object from the 
top of the screen down onto a horizontal number 
line at the bottom (see Figure 10).  The number 
line is an effective conceptual tool because 
humans naturally associate numbers with spatial 
qualities  (Dehaene, Bossini, Gireau, 1993; 
Siegler & Booth, 2004; Ramani & Siegler, 2008, 2009; Siegler & Ramani, 2008).  Siegler and 
Ramani (2008) used counting along board games to contextualize the left-to-right number line 
schematic and it significantly improved children’s number line estimation. From an embodied 
perspective, Siegler and Ramani (2008) used a link between spatial knowledge (i.e., the distances 
across the board game) and number. For Motion Math the embodied link is different. 
Motion Math uses the accelerometer of digital tablets to make tilting its embodied action.  
When a star falls from the top of the screen, the goal is to guide the star down to the number line 
below. The star’s value (e.g., 1/5) is depicted graphically or numerically and the number line is 
marked left (0) to right (1) (see Figure 11). For 1/5, tilt the 
tablet’s bottom left corner down and direct the star towards the 
target position between 0 and 1.  By tilting the tablet, the 
accelerometer registers the pitch, yaw and roll of the student’s 
input and steers the star towards the target on the number line 
(e.g., 1/5).   How does tilting left for a lesser value or right 
for a greater value embody the actions of fractions? What gestures best embody conceptual 
 
 
Figure 10. Motion Math:  Pt. 1 – Number line 
Estimation (Left); Pt. 2 – Fraction Equivalence 




Figure 11. Motion Math: The falling 
star: a pie piece diagram (left); as a 
number (right); number line (below). 




congruence?  If an experimenter asked a student to demonstrate a fraction using these 
mechanics, how would they communicate the concept? 
 
  




Design-Based Research  
 The role of computer games in learning isn’t new. Seymour Papert’s (1980) work with 
Logo set impressive benchmarks for how computers were going to change the educational 
landscape.  Fast forward more than a generation, and many researchers and authors were 
contributing to a growing body of literature on how best to design digital domains as pedagogy.  
Marc Prensky (2001) wrote how “game-based learning” could leverage interactive graphics to 
create opportunities for active and passive play to teach how (procedure), what (concept), why 
(strategic rationale), where (context), when and whether (emotional considerations). James Paul 
Gee (2003; 2008) has aggregated a number of well-rationaled, anecdotally-based broad design 
principles for “good games”.  Table 1 shows Gee 12 principles that are crucial for the player.   
 
Table 1. Gee’s Principals of Good Game Design 
      
Principle Description Related Citations 




Customizable game-play & Identities Steinkuehler (2004) 
4 Interactions and manipulation of the environments and problems spaces via tools 
 
Greeno, Collins, and Resnick, (1996);  
Roth (1996); Schwartz and Holton (2000);  
Jonassen (2003) 
5 
Immersion, in a well-ordered sequence (i.e., 












Routinizes skills for practice and reflection in the 






Provides just-in-time delivery of information 
 
Novak, Patterson, Gavrin & Christian, (1999) 
9, 10, 11 
 
Provides fish tanks (i.e., stripped down training 
modules) and sandboxes (i.e., safe spaces for 
exploration) and a controlled context to practice 
skills practice in controlled contexts 





A gesture that depicts an actual abstract symbol 
(i.e., drawing the number 3) 
Lave, 1988; Greeno, 1998  
 
   




While these design principle are most likely effective for good design, the current study 
sought a theoretical framework rooted in cognitive research.  Fortunately, Richard Mayer and 
his colleagues (Mayer, Heiser & Lonn, 2001; Mayer, 2008; Mayer and Johnson, 2008) have 
published a collection of design principles that consider: (1) how to minimize extraneous 
cognitive load in learning environments by developing coherence, signaling essential material, 
avoiding redundancy (modality overlap), implementing spatial and temporal contiguity 
(proximity), (2) manage essential processing by segmenting material, offering training and 
optimizing modalities (e.g., audible text vs. written texts) and (3) foster generative processing by 
using multiple modalities and personalizing players experiences (e.g., conversational style).   
Mayer et al., (2001) assembled a Theory of Multimedia Learning based on Paivio’s 
dual-code theory.  In the original model, multimedia is presented as a sight and sound 
experience.  However, this model falls short in accounting for new technological affordances. 
Figure 12 presents an update to the dual-channel Multimedia Model (Mayer, Heiser & Lonn, 
2001) and Moreno (2006), incorporating the third haptic channel (see Ricker, AuBuchon & 
Cowan, 2010) as well as necessary updates to working memory (including the depictive model 
(see Schwartz & Black, 1996a), the kinematic model and the dynamic model (see Schwartz, 
1999) and differentiating prior knowledge (in LTM) into conceptual and procedural (see Hiebert 
& LeFevre, 1986).  Designing for the science of learning, Mayer (2008) notes that effective 
design must help users selecting relevant information, organize coherent mental representations 
and integrating them into existing mental representations.  Good design, according to Kirschner 
(2002) encourages conscious cognitive processing by optimizing the intrinsic and extrinsic 
cognitive load that is germane to learning and minimizes contextual     




Wang and Hannafin (2005) stress that design-based research must simultaneously 
balance being both systematic (i.e., internal and external consistency) as a scientific investigation 
yet flexible to accommodate the iterative changes in design, development, analysis and 
implementation.  It is important, they add, that the theories that guide reciprocating 
back-and-forth of design-based investigations that they be pragmatic, grounded, interactive, 
iterative, flexible, integrative and contextual.  The results of DBR must include the “purpose 
and goals, framework, setting, processes, outcomes and principles” (p. 18). 
For M3:i1, part of the challenge was to create a problem space that is engaging and 
effective for learning by simulating real-world processes for constructing fractions in an 
imaginary world that can create a personally meaningful project (Papert, 1972).  At issue is 
whether or not the narrative arc will guide instruction (Kirschner, Sweller & Clark, 2006), help 
learners connect to the activities and their salient features (Murray, 1997) and the underlying 
mathematical concepts or whether the narrative elements will be adversarial as a collection of 
 
 
Figure 12. An update to the dual-channel Multimedia Model (Mayer, Heiser & Lonn, 2001) and Moreno (2006), 
incorporating the third haptic channel (see Ricker, AuBuchon. & Cowan, 2010), depictive model (see Schwartz & 
Black, 1996a), kinematic and dynamic models (see Schwartz, 1999) and splicing prior knowledge into conceptual 
and procedural (see Hiebert & LeFevre, 1986).    




seductive details (Harp & Mayer, 1998; Adams et al., 2012) that distract from learning.  Thus, 
if the goal of M3 is not just to show that the digital-tablet platform is effective for learning but to 
investigate narrative and gesture, researchers have to create a way to isolate for the impacts of 
each of those independent variables. 
  




~ Chapter 3 ~ 
  
Fractured by Design.  
 
So what is a digital tablet tutor-game?  In practicality, it’s a mobile application; in 
theory, it is an interactive multi-modal simulation space that situates learning in a context where 
players can engage and progress using an embodied gestural interface.  It’s a tutor (a.k.a., 
cognitive tool; Lajoie, 1993) because it guides strategies for solving problems, provides 
instructions, feedback and scaffolding for the learner; it is a game simply because it encourages 
learning through structured play (Montessori, 1905; Vygotsky, 1934/1978).  Papert (1990) 
commented that computers, as cultural tools, have the potential to reform the conventions of 
classroom activities and Resnick (1998), under the tenants of Papert’s constructionism, 
advocates for making learners participants in dynamic interdisciplinary activities that encourage 
reflection.  Fast-forward to today and computers are now hand held (via smart phones or digital 
tablets) and run applications that leverage interfaces that utilize visual, auditory and touch-based 
input.  Developers are creating gaming software games on digital-tablets (henceforth, 
tutor-games) are dynamic interactive experiences filtered through channels of perception (visual, 
aural and haptic), episodes to remember, to forget, and to craft cognitions (Baddeley, 1986; 
Ricker, AuBuschon & Cowan, 2010).  The affordances (Gibson, 1977; 1979) of a tablet’s 
digital ecology allow researchers to situate embodied experiences with gestural mechanics that 
give users freedom to explore (Dewey, 1938/1963) with a goal for finding solutions and 
motivating choices in learning (Blumenfield, Soloway, Marx, Krajcik, Guzdial, & Palinesar, 
1991; Cordova & Lepper, 1996; Schwartz & Arena, 2009; 2013; Vitale, Black, & Swart, 2013; 
Vitale, Swart, & Black, 2014; Swart, et al., 2015a; 2015b; 2016). 




For fractions especially, the act of splitting quantities into equal sized unit pieces in order 
to fracture parts from wholes (Scheffe, 2004; Norton & Wilkins, 2009) underlies the processes 
for fracturing objects.  Newer technologies that utilize gestural-based interactivity offer new 
opportunities for learning in the forms of rich, robust and dynamic games, simulations or 
cognitive tools that help engage learners.  As a result, it is imperative that the design processes 
for these new technologies be informed both by theory as well as formative research (Samara 
and Clements, 2004).   With this in mind, the current research explored the gestures associated 
with learners’ conceptualizations (Goldin-Meadow, Alibali, & Church, 1993; Goldin-Meadow, 
2000; Roth, 2002; Hostetter & Alibali, 2008; Alibali & Nathan, 2012) of mathematical fractions 
for the purpose of developing a user interface for a tablet-based gaming environment. 
 
Exploratory Study. 
If students have robust concepts of fractions, how do they explain fraction problems of 
identity, magnitude and equivalency (Schneider & Siegler, 2010; Lakoff & Nunez, 2000)?  To 
answer this question, early in the development of M3, the research team conducted an 
exploratory study to see how students expressed their understandings. In video-recorded 
interviews, students explained their answers to questions about fractions.  Twenty 3rd  and 4th 
grade students from the Central Harlem afterschool program participated (x̄age = 9.7 [SD = .61], 
60% female).  Frequency analysis revealed popular students’ gestures that enacted processes of 
shading, slicing, swiping, spanning, tracing, delineating, encircling, cutting and drawing in the 
air, among many.  These gestures were catalogued and regressed on post-tests and revealed two 
distinct sets of gestures, deictic and metaphorical (see McNeill, 1992) were significantly 
correlated to higher performance on fractions assessments (r=.59, p< .01), but only when they 




were conceptually related to fractions.  A closer look at the metaphorical gestures revealed that 
iconic gestures, that simulated fracturing (i.e., cutting, taking away, collecting or coloring) and 
comparing (i.e., delineate, side-by-side, measuring) revealed that specific mathematical 
movements would inform the design for the tutor-game
Students revealed a lot in the course of 35-55 minute scripted clinical interviews.  Paired 
either individually (1-on-1) or in a triad (1-on-3) with a researcher (see Lesh, 1981), students 
completed both written and physical activities and a brief fractions assessment including shapes, 
numbers and operations (see Hecht, 2010) to evaluate basic knowledge of magnitude, identity 
and equivalency of fractions.  Researchers prompted students to “draw” their answers and 
subsequently probed for them to “explain why” and “show how”. This included the set of 
manipulatives (see Figure 13) to answer more fractions problems about equivalency.  Their 
task was to order a given set of three fractions by determining comparatively if each fraction was 
less than, equal to or greater than the others. 
Interviews were analyzed using McNeill’s quartet of semiotic gestural dimensions: (1) 
iconic – representative of concrete entities and/or actions, (2) metaphoric – represent of abstract 
 
 
Figure 13. Exploratory Study - Clinical Interview Materials: (a) the “tray of brownies” as depicted for the students 
for equivalency evaluations, (b) an illustrated example of the strings and (c) the cups that students used to make 
magnitude, identity and equivalency judgments 
 




entities or processes (e.g., spanning gesture to represent arithmetic summation), (3) deictic – 
typically an index pointing to a referent, but can be performed with any part of the body, and (4) 
beat – accompany the prosody of speech and can also be used for emphasis of time and context.  
Additionally, a fifth dimension, enactive, was also used to clarify when a gesture represented a 
process or procedure as well as a sixth dimension, symbolic, to denote when gesticulations were 
of actual abstract mathematical formalisms (i.e., drawing the number 3 in the air, or writing a 
numerical fraction in the air).  These six dimensions were combined into a gesture coding 
system (see Table 2). 
 
Two raters coded 4 transcripts (8 students) in common and pooled the codes to establish 
inter-rater reliability that was high and reliable (Cohen’s κ = .79, n = 10 codes, p < .01).  
Students’ made a wide range of gestures (see Appendix A). Gestures that were iconic, enactive, 
or metaphorical of the process of fracturing or mathematical operations were considered relevant.  
Table 2. Codes of Gestures 
      
Gesture Code Description Total % Rank 
Beat B A beat gesture with no specific referent that accompanies speech 10 1.40% 7 
Beat Deictic BD A beat gestures that points but to no entity in particular 6 0.84% 9 
Beat Enactive BE A beat gesture that accompanies speech about a process but with no specific referent or depiction 25 3.50% 5 
Beat Referent BR A beat gesture that accompanies discussion about an object 2 0.28% 10 
Deictic Referent DR 
A pointing gesture that specifically references an 
entity, real or  
imagined 129 18.07% 3 
Deictic 
Metaphorical DM 
A pointing gesture, the motion of which, is indicative 
of a mathematical operation 186 26.05% 2 
Iconic I A gesture that depicts a specific entity or process 9 1.26% 8 
Iconic 
Metaphorical IM 
A gesture that depicts a specific entity or process that 
represents a mathematical operation 283 39.64% 1 
Symbolic S A gesture that depicts an actual abstract symbol (i.e., drawing the number 3) 51 7.14% 4 
Non-Gestural 
Action NON 
An action performed by the student whereby they 
physically manipulate an object or perform a process 13 1.82% 6 




The resulting perce ntage ratio of relevant gestures to total gestures was significantly positively 
correlated to students’ overall initial accuracy scores during the clinical interview (r = .49, p 
< .048).   Moreover, students’ relevant gestures ratio was also significantly positively 
correlated to higher scores on clinical interview equivalency problems (r = .502, p < .025) (see 
Figure 14).  
Beyond the taxonomic classification of students’ gestures, a more detailed analysis reveals an 
extensive set of gesticulations that represent different actions, procedures and concepts (see 
Table 3). Using a median split on initial score (Median = 14) and ratio of relevant gestures 
(Median= .6125) revealed a significant difference between groups (t(18) = -2.7154, p < 0.02).  
Given these two independent variables of interest, fracture problem accuracy and the ratio of 
relevant gestures, four possible categories of students may emerge: (1) those who make few 
gestures and demonstrate low initial accuracy, (2) those who make few gestures and demonstrate 
high initial accuracy, (3) those who make many gestures and demonstrate low initial accuracy, 
and (4) those who make many gestures and demonstrate high initial accuracy.  The following 
two cases contrast low and high accuracy between two students producing many gestures. 
(a) (b)  (c)  
 
Figure 14. Three scatterplots contrasting (a) Total Gestures x Total Initially Correct (r = -.032, p = .22); to (b) 
Ratio of Relevant Gestures to Total Initially Correct (r = .49, p < .048); to (c) Ratio of Relevant Gestures to Clinical 
Interview Equivalency Problems (r = .502, p < .025)    




 Student DM (Low Accuracy, Many Gestures).  This student demonstrated lower 
conceptual understanding (INITIAL CORR = 9, z = -1.22) with a very high rate of gesture 
(TOTAL GEST = 45, z = 1.42; RELEVANT GEST = 22, z = .6;).  For relevant gestures, this 
student had the lowest ratio amongst the participant pool (RATIO= .49, z = .41). Identifying this 
pattern presents an opportunity for teachers to utilize conceptually relevant gestures (Alibali & 
Nathan, 2007) and capitalize on any existing ones.   Despite low accuracy, this student still 
employed conceptually relevant gestures included encircling, pointing to count, delineating 
boundaries, grasping objects and spanning gestures.   
Student AW (High Accuracy, Many Gestures) This student demonstrated high conceptual 
understanding (INITIAL CORR = 16, z = .58, ns) and a high rate of gesture (TOTAL GEST = 40, 
z = .98; RELEVANT GEST=30, z = 1.63;).  A closer look reveals that this student had the 
second highest ratio of relevant gestures amongst participant pool (RATIO= .75, z = .53).  This 
student’s gestural vocabulary was very robust, including aligning, chopping, cusping, delineating, 
denoting, drawing, encircling, grasping, measuring, pointing, shading, slicing, spanning, 
sweeping and swooping.  Interestingly, this student, when waiting to answer, would engage in 
self-discussion that included iconic gestures.  Peculiarly enough- this student, with so many 
gestures, never gestured to count, which may be another marker of conceptual development and 




With more understanding of how to use gestures to access mathematical thinking (Alibali 
& Nathan, 2012) researchers set to develop engaging and informative contexts conducive to 
learning math.  Since simply performing the actions (i.e., interacting with a manipulative) does 
not guarantee correct interpretations (Martin, Svihla & Smith, 2012), but must be an effective 
combination of actions (i.e., gesture as simulated action) with proper interpretation of how 
gestures aid mathematical understanding.  Results from this exploratory study informed the first 
round of design for the gestural interface on the digital-tablet. 
 
Designing Iteration-1 of the Tutor-Game: M3:i1. 
It was important from the outset of the design and development for M3 that we kept in 
mind Chi and Wyliea’s (2014) ICAP framework and aimed to design four versions of the 
tutor-game that all offered the same constructive, active and interactive pedagogical affordances.  
The research goal was to conduct randomized factorial experiments that strictly controlled the 
manipulations of the independent variables between each condition.  Consequently, there are 
many factors that we’ve discussed as contributing to a “good game”, but many of these features 
are left out in order to focus on researching gesture and narrative.   
In developing the first iteration of M3, researchers focused the pedagogy around creating 
a game-like activity that could effectively implement the object fracturing conceptual metaphor 
for embodying fractions in a parts-to-whole schema.  Thus, it was imperative that the design of 
the virtual manipulatives accommodated the embodied activities for estimating, denominating, 
numerating and comparing fractions.  In brainstorming ideas for the tutor-game, it was crucial 
to devise a schema that would stipulate the creation of the four distinct versions, each with the 






and curriculum while varying by the different types of gestures: iconic (enactive motions) vs. 
deictic (identifying points), and types of narratives: strong (i.e., setting, characters and plot) vs. 
weak (i.e., no characters, settings or plot).  Researchers decided to use a rectangular area model 
as the basis for the tutor-game.  Rectangular area models are effective both as number lines (for 
estimation) as well for object fracturing (denomination, numeration) and comparisons 
(equivalency) with or without context (Saxe, Earnest, Sitabkhan, Haldar, Lewis & Zheng, 2010).  
It is important to note that although estimation is not a process critical to constructing fractions, 
it is integrated into the M3 curriculum because of its value as an embodied pedagogical tool that 
leverages the ANS/AMS to approximate the real number value of each fraction. 
Fractions as a progressive series of schemas: parts-to-whole, partitive, iterative and unit 
schemas. Norton and Wilkins (2009) found empirical evidence supporting this hierarchy and that 
a splitting schema necessarily underlies the concept of fractions.  Using Hostetter’s and 
Alibali’s  (2008) Gestures as Simulated Action, M3:i1 can embody fractions concepts by using 
splitting gestures.  In the exploratory study, we showed students use gestures to span their 
estimations, split imaginary objects, select the parts, trace their size and delineate their 
boundaries.   
Using McNeill’s (1992) gestural dimension taxonomy, Swart et al. (2014) added fifth and 
sixth dimensions, enactive (i.e., procedural) and symbolic (i.e., mathematical formalisms; e.g., 
drawing the number 3) and found that students’ gestures for fractions split into two main types: 
(1) deictic (i.e., identify positions that correspond to quantities) and (2) iconic (i.e., gestures that 
are congruent with the processes underlying the concept).   The current study uses these two 






In developing the narrative for M3, the goal was to situate the fracturing activities in a 
contextual setting with a plot that rises and falls along a story arc that is advanced by its 
characters and the problems they encounter.  As an apsychological narrative, the scripted events 
of M3 and the interaction with in-game tools only emulate a type of participatory agency of 
social setting.  For the most part, players’ actions in the game and with the characters (in the 
strong narrative) are automated as students complete each problem and each level of the 
tutor-game.     
In order to integrate the rectangular area model into a strong narrative, researchers crafted 
a playable storyline called “Fix the Climatron”, using assets from the popular children’s 
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television series “Cyberchase” that airs on PBS television.  For the strong narrative of M3, it is 
centered around the archetypal hero that must complete various tasks over the course of many 
sub-plot events that culminate in the defeat of the villain and the rescue of the distressed 
(Campbell, 1968/1973).  Using Cyberchase, the evil villain Hacker has dismantled the 
Climatron, a machine that keeps the arctic climate of Penguia cold and the penguins that live 
there safe.  In order to defeat Hacker, players embark with Jackie (the pedagogical agent) to 
save Penguia by fracturing the enerchi bars needed to power up the HERObots, the only force 
that Fix the Climatron.   The weak narrative, called Fractioneers!, was effectively the same 
tutor-game but in a sparse context situated only as a math activity without the characters, settings 
or plot (Figure 16).  According to Roth (2001), activity is what situates cognition; even though 
the alternative to the strong narrative does not have a discernable setting, characters or a plot, we 











imagine some type of context that results from the actions they are performing.   
In accordance with Rau, Aleven and Rummel, (2013) and Rohrer, Dedrick and Stershic 
(2015), the entirety of the curriculum is blocked by level into Part 1 (Fracturing) and Part 2 
(Equivalence) but interleaved within each block by task.  In total, there were 5 levels, each with 
5 fractions, and players must successfully complete parts 1 and 2 of each level.  Figure 17 
shows the wireframes and the final design for Part 1 of M3:i1.  Using the pedagogical 
framework of Steffe (2004), players unitize a rectangular area model and partition it using 
gestures to split it into equal parts.  The features of the tutor-game are labeled. In Part 1 of 
M3:i1, players constructed five fractions through a series of procedures: (1) estimating  (i.e., 
measurement, i.e., fractional magnitude as discrete real number, see Schneider & Siegler, 2010), 











After successfully constructing five fractions, they entered Part 2 of M3:i1 (see Figure 18).  
In Part 2, players determine equivalence between the five fractions by putting them in order from 
least to greatest by number (i.e., correspond to numeric representation).  Once they are all in the 
correct order, players verify fractions’ size (i.e., magnitude as height) and verify their differences 
(i.e., delineating the heights of each fraction horizontally onto a vertical number line. 
The curriculum for M3:i1 is designed to model the processes for fracturing objects into 
equal intervals and comparing the fractions they construct.  The interactive digital platform of 
the tutor-game affords learners appropriate feedback and scaffolding (after 3 failed attempts) to 
guide their procedural and conceptual understanding.  Reiser’s (2004) discusses the importance 
of structuring scaffolding that problematizes learning, decomposes complex tasks, focuses 
learners efforts and monitors inputs, modulating levels of support to elicit learners’ decisions and 
the articulation of their responses.  M3 presents scaffolding that helps users strategize both 
processes as well as concepts.  Specifically, the scaffolding tools designed in M3 provide ways 
for players to access the epistemic features of the rectangular area-model number line in learning 
to fracture the objects and create fractions.   Moreover, M3 is also designed with a curriculum 
that is sequenced hierarchically to culminate in players’ repeated usage of a range of strategies to 
help organize learners’ semantic observations, interactions and interpretations of creating 
fractions. By providing a minimal amount of scaffolded instruction, students incorrect attempts 
allowed them to explore the problem space through their failures (Kapur, 2008; Kapur & Lee, 
2009). The leveled design of M3 sets up a dynamic that prevents players from progressing 
through the tutor-game without successfully completing the problem – an impasse model 







Pilot Study: Experiment M3:i1 
Following Samara and Clements (2004), M3, having set educational goals based on 
theoretically-based models for children’s thinking and created the initial design of M3:i1, found 
a single site for pilot testing. Researchers tested the first version of the tutor-game, M3:i1 in an 
after school program in the Harlem neighborhood of New York City.  This first study with 
M3:i1 was the first in a series of three studies to determine the impact of gestures and narratives 
for learning fractions. For this first study, there are two main effect hypotheses and one 
interaction hypothesis.  First, we hypothesize that students using the enactive embodied nature 
of iconic gestures (I) will perform better on formalized measures of fractions knowledge, 
understanding and transfer than students using deictic gestures (D).  Second, we hypothesize 
that students immersed in the strong narrative (S) will show better engagement, motivation, 
self-efficacy and learning than students in the weak narrative (W) condition.  And third, we 
hypothesize that the combination of the strong narrative and the iconic gestures will form a rich 
perceptual experience in which students in this condition (SI) will show better learning and 
motivation than all the other conditions (SD, WI, WD).  The goal of this first pilot is to use the 
results (from a multitude of measures) to revise the design, the curriculum, pedagogy, feedback, 
scaffolding and narratives for M3:i2 and expanding testing to more sites.   
Methods 
Participants.  
Seventy-two participants from grades 3 (n3 = 24), 4 (n 4=22) & 5 (n 5=26) grades (NTTL=72; 
x̄age=10.31 years [1.64], 67% female, 24% Hispanic, 75% African-American, 100% Reduced 







Testing Game Iteration 1. All 72 students were instructed in specifically designated classrooms 
proctored by researchers and after-school instructors (a single student was removed from the 
program for behavioral issues).  In a 2x2 factorial with repeated measures, students were 
randomly assigned to play one of the 4 tutor-game environments  (SI, n=17), (SD, n=18), (WI 
n=19), (WD, n=18).  Each student completed a total of 3 one-hour sessions that included 
pre-tests (day 1), tutor play (day 2), post-tests and exit surveys (day 3).  Since the research team 
had 10 iPads, each session ran groups of 10 (blocked by gesture condition to avoid 
contamination between conditions) with 5 students per condition.   Each day of tutor-play 
consisted of 2 sessions per day for a total of 20 students/day.  Each section of students was 
completed over 1 week’s time with absentees completing tutor-play and assessments via pullouts.  
Portions of tutor play were video recorded, as were students’ clinical interviews (see Figure 19).       
 
Materials 
Direct Pre/Post Test. Parallel Forms A & B of fraction problems that were taken directly from 
the tutor-game curriculum.  Representations of fractions were static analogues of the images 
used in the tutor-game and included estimation, denomination, numeration and equivalence 
between fractions (12 items; see Appendices Q & R). 
 
 







General Pre/Post Test. Parallel Forms A & B of general fraction assessment that included 
problems using objects, collections of objects, number lines, numerical fractions in standard 
contexts, arithmetic, and word problems (e.g., Geary, 2006; Hecht and Vagi, 2010; Jordan et al., 
2013) aligned with Common Core Standards (2010) for fractions with many of the problems 
adapted from the New York State Regents (2011; 2012) and California State Assessments (2011).  
Questions included items asking students to estimate, denominate, numerate and determine 
equivalence between fractions as well as perform arithmetic (addition, subtraction, multiplication) 
with fractions (20 items; see Appendices S & T) 
Exit-Survey. A written form administered to participants upon completion of tutor play and 
testing.  Items included manipulation checks (narratives, gestures), comprehension check, 
self-efficacy, motivation, engagement, persistence, opinion/preferences and concept learning (15 
items; 9 likert; 6 free response C, see Appendix U) 
Clinical-Interview Script. Four multipart questions designed to probe players’ thoughts on the 
tutor, the narrative, impact of gesture and concept learning (4 items; Appendix V) 
iPad Air & Sony MDR-ZX100 Headphones: A class set of 10 each. 
Flip Video UltraHD Camcorder: 2 camcorders w/ Tripods for Video recording tutor play and 
clinical interviews.   
 
Results 
For M3:i1, students using iconic gestures to fracture objects showed significantly better accuracy 
in both their estimations and denominations than students using deictic gestures.  Clinical 
interviews revealed that students show a natural propensity to use enactive iconic gestures 






ordering) for creating fractions. Free responses from the students using procedural gestures used 
more enactive language like "cut" and "split" to describe the processes for making fractions.  
Formal Assessments1. Repeated measures ANOVA revealed that the tutor-game overall is 
effective at improving learners understanding of fractions with significant learning gains across 
all conditions for both the direct assessment (F(1, 71) = 48.9, p<. 001, ηp2 = .408 as well as the 
transfer assessment (F(1,71) = 57.51, p<. 001, ηp2 = .448) (Figure 20).  
  
                                                
 
1 Parallel Forms A & B paired t-test revealed no differences between versions on pretest (Appendix B) 
2 EFA is one type of latent structure analysis. Unlike most regression, latent structure analysis does not assume that 
   
 
Figure 20. Learning occurred across all conditions from pre to post on the direct assessment (F(1, 71) = 48.9, 
p<.001, partial η2 = .408) and transfer assessment (F(1, 71) = 57.51, p<.001, partial η2 = .448). Error bars are 






Tutor-Game Data Log.  
Tutor-game log data revealed significant 
effects of both gesture and narrative on 
game play.  Non-normative data required 
non-parametric Mann-Whitney U and 
Wilcoxon-W tests to determine differences 
between conditions.   
Estimation.  Student performances 
estimating fractions for levels 1-3 revealed 
an interaction between gestures and 
narrative in which iconic gestures produced less error than deictic gestures in the strong narrative 
condition while deictic gestures produced less error than iconic gestures for weak narrative  (see 
Figure 21). Although an interaction is clearly present, this potentially significant interaction 
requires further testing and analysis in 
future study. A narrower analysis of 
student estimation error for unit fractions 
revealed a difference between gestural 
conditions with iconic gestures (x̄C = 
23.04) showing less error than deictic 
gestures (x̄D = 24.1) approaching 
significance, Mann–Whitney U = 231, 
Wilcoxon W= 462, nC =21, nD = 29, p < 
0.15.  Figure 22 also shows a similar 
 
Figure 21. Estimation Error on Levels 1 – 3.  Error bars are 
standard deviations. 
 







trend towards interaction between narrative and gesture. 
Meanwhile, Figure 23 depicts error rates for estimation (averaged by group) across the entire 
curriculum (Levels 1 – 5; see Appendix P); most noticeable are the two spikes in the middle (for 
the fractions 10/10 and 3/3 respectively) and the general rise in error rates as the problem sets 
increase in difficulty.  Visualizing students’ performances allows researchers to pinpoint 
problems in the curriculum or other aspects of the 
design that may not be readily apparent in strict 
performance data.  In this case, the two spikes in 
student error ended up not indicating that 
students had trouble with whole fractions, but 
rather that there was a programming error that 
went undetected until students had to complete 
either 3/3 and 10/10 in the course of play.  
 
Figure 23. Plots of average error in estimating the fractions by condition: (S)trong Narrative, (W)eak 
Narrative; (I)conic Gestures, (D)eictic Gestures.  Findings like this one will require transformations of the 
data to account for the increasing difficulty of the problem sets.   
 






Denomination.  Student performances denominating wholes into parts were significantly more 
accurate for iconic gestures than for deictic gestures.  Figure 24 shows the mean differences in 
denomination cuts for levels 1 - 3 (i.e., the difference between the number of divisions necessary 
to partition a whole and the number of divisions students input).  For levels 1 – 3, students 
using iconic gestures (x̄C = 18.66) denominated with significantly less error than students using 
deictic gestures (x̄D = 25.24), Mann–Whitney U = 164.5, Wilcoxon W= 345.5, nC =19, nD = 25, p 
< 0.10.  It is clear from the graph that students using iconic gestures made significantly fewer 
erroneous cuts than students using deictic gestures and again, there is a recurring trend for a 
possibly significant interaction between gesture and narrative.   Denomination cuts for unit 
fractions in which students were significantly more accurate denominating using iconic gestures 
(x̄C = 17.95) than deictic gestures (x̄D = 30.97), Mann–Whitney U = 146, Wilcoxon W= 377, nC 
=21, nD = 29, p < 0. 01.  
Looking at the means for the number of times students required scaffolding across levels 
1-3, students using iconic gestures (x̄C = 18.71) required significantly less scaffolding than for 
students using deictic gestures (x̄D = 30.97), Mann–Whitney U = 165.5, Wilcoxon W= 355.5, nC 
=19, nD = 25, p < 0.09.  For unit fractions, marginal means show that students using iconic 
gestures (x̄C = 18.71) required significantly less scaffolding (i.e., the game-tutor presented an 
interactive solution to the user after 3 unsuccessful attempts at denomination) than students using 
deictic gestures (x̄D = 30.97), Mann–Whitney U = 165.5, Wilcoxon W= 355.5, nC =19, nD = 25, p 






Figure 25 visualizes students’ mean percent absolute error (PAE; Siegler, Thompson & 
Schneider, 2011)  on students’ 1st attempts denominating the wholes into parts for the Levels 
1-5.  Visualizing the data in this manner helps highlight possible considerations for pedagogy, 
design and development.  There are a number of possible trends from students’ performances: 
(1) the data shows initial error was higher for the deictic conditions; (2) there is a type of 
back-and-forth between the conditions in performance error; (3) there is a clear reduction of error 
between levels 1 and 2; (4) the percentage error between conditions converge by Level 5.   
Numeration.  Data-logs revealed no significant differences between groups on 
numeration performance.  However, two bugs were discovered in the game in which students’ 
would respond correctly to a problem but the game still logged it as incorrect.  Fortunately, this 
was the same for all tutees, so developers addressed this programming error for Iteration-2.   
Equivalence.  Data-logs did not successfully indicate whether students were showing 
differences between conditions.  Experimenter observations and clinical interviews revealed 
that students predominantly implemented a guessing strategy to order the fractions by number.   
Researchers determined that a re-design for Part 2 was necessary.  
 
 






Exit-Surveys- Likert Items.  5-point 
likert scale items found strong indications 
that students across all conditions were 
highly motivated to play (x̄M = 4.62 [.72], 
enjoyed playing (x̄E = 4.59 [.67]) and 
would persist in playing more levels (x̄P = 
4.62 [.70]).  Students’ indicated that 
they liked learning math on the iPad (x̄LM 
= 4.44 [1.00]) even though they found the game moderately difficult (x̄D = 3.79 [1.11]) with a 
significant medium sized correlation (r = .442, N=71, p < .01) (see Table 3).  
Table 3 
 
Correlations, means and standard deviations for Exit Survey (5-point Likert Scale) 
 
Measures    x̄  sd   1    2     3     4    5     6     7     8    9 
 
1) Like Math 4.20  1.05  1.00 
 “I like math” 
2) Like iPad 4.89  0.36  -.059  1.00    
“I like playing games on the iPad” 
3) Game Difficulty 3.79  1.11  .074   .047   1.00 
“Playing the game was easy” 
4) Engagement 4.59  0.67  .137   .392**     .212  1.00 
“I enjoyed playing this game” 
5) Game Self-Efficacy 3.90  0.94  .233   .089   .422**  .271*   1.00 
“In the game, I did very well    
on the fractions” 
6) Goal-Oriented 4.62  0.70  .146   .074   .207   .320**   .281*     1.00 
“I wanted to finish all the 
  levels of the game” 
7) Math Mindset 4.44  1.00  .270*  .391**  -.139   .324**   .266*  .154      1.00 
“Games like this one make  
me feel like I can learn math” 
8) Math Mindset2 4.42  0.87  .239*  .404**   .002   .372**     .283*  .115       .567**    1.00            
“Having a game like this makes 
me want to learn math more” 
9) Math Mindset2 4.62  0.72  .242*  .027   -.036   .235*      .250*  .165    .236*     .404*    1.00  
“I would like to learn more  
math	  in	  an	  iPad	  game” 
	  
	   *	   	   (p	  <	  .01)	   	   **	   	   (p	  <	  .05) 
 
 
Figure 26. Correlation Map Likert Responses  







Most interesting is the number of significant correlations between students’ self-efficacy 
judgments for their performance on the game (x̄SF = 3.90 [.94]) is the moderate correlation with 
difficulty (r = .422, N =71, p < .01). Figure 26 provides a correlations map of likert items.  
 
Qualitative Data.  
Exit-Surveys – Free Responses.  Students’ written free responses revealed important aspects 
about narrative and gesture.  Figure 27 shows word maps of students’ responses to the question 
“What did you do in the game to make fractions?”  We can see by the count data that there are 
more enactive verbs used to describe the process of creating fractions for the conceptual group 
compared to the deictic group and we see that there is overlap between the iconic and deictic 
students’ verbiage.  Figure 28 shows word maps of students’ responses to the question, “Now 
that you’ve played the game, what was the game about?” Researchers postulated that if the 
narrative effectively situated the problem space, students would frame their responses in terms of 
the narrative, its characters and the goal of the story arc (see Roberts & Stylianides, 2013).  
However, we can clearly see that the most of the students referred to either narrative as a 
(a)    (b)  
 
	   Swipe	   Slice	   Cut	   Split	   Break	   Make/Made	   Drew	   Put	   Tap	   TOTAL	  
Iconic	   7	   3	   13	   4	   1	   2	   2	   5	   0	   37	  
Deictic	   0	   0	   6	   4	   3	   6	   1	   7	   7	   34	  
 
Figure 27: Word maps and count data for the verbs students used to describe the process of creating fractions in 







“fractions game”, with a marginally more students referring to the strong narrative as  “fun” 
“play”, or even referencing the characters or theme of the strong narrative via “Cyberchase” and 
“Robots”.   When asked openly to what they thought of the game, many students were critical 
that the estimation task “didn’t make sense” or misled students with feedback saying “you got it” 
when in fact the students’ input was grossly inaccurate.  Other students were critical of the 
protagonist figure, Jackie, and her incessant instructions, in addition to the difficulty in 
completing Part 2 (Equivalence), the need for more challenging levels and the desire to know 
more about what happened to the Penguins (for students in the strong narrative condition). 
Clinical Interviews.  For students willing to participate, researchers conducted a total of 9 
pullout clinical interviews with students with a minimum of at least 2 per condition.  Although 
there were not enough to calculate any meaningful statistics surrounding interviews, researchers 
transcribed students’ interviews and annotated their gestural responses.  On the whole, students’ 
explanations of fractions (including denominating, numerating, estimating and determining 
equivalence) implemented the gestures (i.e., iconic vs. deictic) from their respective conditions, 
except for 3 participants who produced hardly any gestures.  These 3 students who produced 
(a)    (b)  
 
	   Cyberchase	   Robots	   Fun	   Fractions	   Game	  
Played	   Just	   TOTAL	  
Strong	   4	   6	   9	   23	   26	   14	   0	   86	  
Weak	   0	   0	   4	   29	   29	   7	   5	   74	  
 
Figure 28: Word maps and count data for the words students used to describe the tutor-game (a) Strong Narrative 






few/no gestures tended to be higher performing (i.e., on formal assessments and in tutor-game 
play).  The figures below are excerpted transcripts featuring multiple frames from video 
recording with photo-illustrations added in green that depict the gestures.  
 
Student SI – Part 1  
 
Interviewer: What did you have to do? 
 
Student: I had to… It was a box…  
 
[Gesture: Student emulates the entirety of bar using her 
fingers, hands and arms] 
  
 
I had to swipe down…  
 






…until if, the number was like five and seven, and 
the number was seven… 
 
 [Gesture: Student gestures on table as if it were the tutor 
screen, gesturing the numerical fraction (i.e., numerator, 




…I had to make seven pieces 
 




Figure 29. Student SI explains how to play Part 1: Object Fracturing.  Notice she employs the iconic gestures she 
used during the game.   
 








In Figure 30, Student SI shows how the gesture curriculum gives her a framework to 
discuss the process of making fractions.   Notice that she employs all the iconic gesture 
mechanics to explain what you had to do in the game to make fractions.  In Figure 31, a student 
from the weak narrative / iconic gestures condition uses the gestural mechanics of spanning and 
splitting to discuss their concept of a fractions and why larger denominators mean smaller pieces 
when constructing fractions.  
 
Student WI – Part 1 
Interviewer: What does it mean to make a fraction? 
 
 
Student: Cause if you have like a full bar… that is 
like this whole table  
 





Student: And you’re supposed to, like, supposed 
to take it like a hundred pieces… I, eh, if its like 
a hundred pieces  
 
[Gesture: Student makes a repeated chopping gesture 
starting right to left using table as the bar to be divided]  
 
…you’re going to get little pieces. You’re gonna 




Figure 30. Student WI explains how to make a fraction using iconic gestures.  
 
 
In Figure 31, a student from the weak narrative / iconic gestures condition uses the gestural 
mechanics of spanning and splitting to discuss their concept of a fractions and why larger 
denominators mean smaller pieces when constructing fractions. Figures 29 and 30 both show 








explain fracturing objects in Part 1 of M3:i1.  Specifically, both students used continuous 
slicing gestures when describing how to denominate a fraction but both reverted back to deictic 
gestures when numerating   This is different than the students in the iconic gesture condition 
who only used iconic gestures in their explanation of numerating (see Figure 29).   
 
Student SD –  Part 1 
 
Interviewer: What was it [the game] about? 
 
 
Student:  And … We had to like divide equal 
parts… 
 
[Gesture: Student sweeps hand with index finger pointing 





…like say two-fifths… I have to divide… 
One… I have to divide a bar into five groups  
 





and then you had to click on...  
 
[Gesture: Student taps the table using deictic gesture as if 
numerating in the game] 
 





















Student WD – Part 1 
 
Interviewer: Okay, so it was about fractions…  
and what did you have to do? 
 
 
Student: You had to, kind of like, split them  
 
[Gesture: Student puts hands together and chops 
repeatedly from left to right, pinpointing like a deictic 




and you try to… and you try to touch the s- the 
thing…  
 





the bars you were splittin’  
 
 
[Gesture: Student makes successive chopping gesture 
from top to bottom of an imaginary bar moving from left 
to right with each chopping motion] 
 
Interviewer: uh huh 
 
Student:  and like the other splits to get another bar… 
 
 
Figure 32. Student WD uses a mixture of deictic and iconic gestures to explain their concept of the game’s 
activities. 
 
From Figures 32 and 33, we can compare students’ responses on how to determine equivalence 
between fractions.  In Figure 33 Student WI used iconic gestures to explain how to order 
fractions, determine their magnitude and then compare their relative heights.  In Figure 34, the 
student from the deictic condition used both deictic gestures to numerate and iconic gestures to 











Student WI – Part 2 
 
Interviewer: What was the first thing that you 
had to do [Referring to Part 2: Equivalency]? 
 
Student: The first thing that we had to do was eh, 
umm, fraction number from smallest to largest  
 
[Gesture: Student motions using both hands and 
articulating fingers from her left to right] 
  
Interviewer:  Mm ,hmm… 
 
Student: … and then… you had to, um, put the 
button 
 
[Gesture: Student sweeps vertically as if raising the 
magnifier from the bottom to the height of the fraction] 
  
Interviewer: Mm, hmm… 
 
Student: and then… we had to plug it in … 
 
[Gesture: Student gestures horizontally with index finger 
left to right as if plugging in the magnifiers to the verifiers] 
 
Interviewer: Mm, hmm… right- exactly… And 
what did you do that helped order the fractions 
from smallest to largest 
 
Student: Umm, when I tried, I tried to do it first, 
and then I got it wrong, so I just switched the 
numbers…   
 
[Gesture: Student sweeps horizontally back and forth as if 
switching the fractions to order them from least to greatest 
(i.e., left to right)]  
 
Interviewer: Umm, hmm, gotcha… and how did 
you know that one fractions was smaller than 
one fraction? 
 
Student: Umm, I knew that because, ‘cause I remember what I got wrong, and then um, I think 
and then I put the numbers in order from smallest to largest 
 













Student SD – Part 2 
 
Interviewer: In the game, how did you put the 
fractions in order from least to greatest? 
 
Student: One-two…  
 
[Gesture: Student points to the numerator then denominator on 
the table in front.] 
  
Interviewer: One-half?  
 
Student: One-half…  
 
Interviewer: Ok, and what else?  
 
Student:  And then that was the smallest one,  
 
[Gesture: Student circles area to the far right depicting the 
equivalency problem space in the game] 
 
’cause all the other ones were like 3, 4, 5, 6, 7, 8, 9 
 
[Gesture: Student makes a sweeping gesture to refer to the 
other ones and then uses a deictic gesture to distinguish 
between the other ones] 
 
And then, you had to put the four, the one-fourth, 




Student: you had to put the 1/3,  
 








Student: the 1/6, the 1/7, 1/8 and then go back up 
[Gesture: Student successively points to the top and bottom of 
each fraction moving from left to right] 
 













Student WD – PART 2 
Interviewer: So, did you like playing the game? 
 
Student: A lot [Student Nods affirmatively]  
 
Interviewer: You did? A lot!  So, was there any 
part of the game that you didn’t like… like you 
thought, “oh, that’s annoying” or “this one’s not 
fun” 
 
Student: NO… what I didn’t like is that splitting 
the bars…  
 
[Gesture: Student uses deictic gesture to split an imaginary 
bars by pointing to each division] 
 
but I kinda liked it, like a little, because it kind of 
helped you by getting dotted lines… 
 
[Gesture: Student then traces the dotted line using a iconic 
gesture] 
 
Interviewer: Oh Ok, so you like the dotted 
lines?  
 
Student:   Mm hmm, ‘cause it helps me. 
 
Interviewer: That’s good… So, was there any part that you did not really get?... 
 
Student:   Um, no. 
 
Interviewer: You got all of it…Was there any 
part that you didn’t like?   
 
Student:   [Gesture: Student Nods Negatively] 
Well… Only one part… Because When I first 
came here, um, I had to do the bars, with the 
number,  
 
[Gesture: Student uses two hands with index and then 
makes a sweeping horizontal motion delineating problem space] 
 
…from smallest to largest.  
 
Figure 35. Student WD uses deictic and iconic gestures to explain the denomination in the game and iconic gestures 













Student WD – Part 2 
 
Interviewer: So, after you did five bars, right, you did five fractions for five energy bars, then 
you got to the part where you had to make them from smallest to larges, right? So how did you 
figure out how to make it from smallest to 
largest? 
 
Student: I figured it out because I was using I 
was seeing the numbers and, I thought, hmm, I 
think this bar goes there and there and there… 
So…  
 
[Gesture: Student uses hand to make a series of 
successive gestures as if placing each fraction in correct 
order]  
 
Interviewer: But you got it right, you got it right  
a lot of times…right? I saw you, you did really 
well on that section… so how did you figure 
out this fraction is the biggest and this fraction 
is the smallest… how did you figure that out? 
 
Student: Because when you, when the bar is 
filled,  
 
[Gesture: Student benchmarks the bottom and the top of 




it is closer to the other bar  
 
[Gesture: Student moves hand horizontally from left to 






you just go there  
 
[Gesture: Student makes a deictic gesture with hand as 
















Figure 35 shows a student from the deictic condition using both deictic and iconic gestures to 
explain denomination and then using a hybrid gesture to explain how fractions go horizontally 
from least to greatest.  Figure 36 Shows the same student, this time discussing the process for 
determining if fractures were equivalent, less than or greater than a quantity.  Notice how he 
uses all of the deictic game mechanics to explain how to determine which fractions were biggest, 
smallest or equal.  In Figure 37, Student SD “hmmd” while she searched for the correct word 
and her hands made repeated slicing motions in even intervals. Student SD had shown signs that 
she was frustrated by her inability to denominate evenly. 
 
Student SD – Part 1 Commentary 
 
Interviewer: I noticed you found the Skip Part A button… What made you want to skip part A? 
 
Student: It was hard. 
 
Interviewer: Was it hard?…What did you think 
was hard about it? 
 
Student: When you keep on pressing on it and 
it tell you it was wrong 
 
[Gesture: Student points repeatedly to a succession of 
locations] 
 
And I didn’t know how to get it, it, umm… 
 





Student: Mm, hmm. 
 
It’s tough to get good at evenly. 
 
Figure 37. Student SD uses the deictic gesture to explain what she found difficult and then made a repeated slicing 













Interviewer: Do you think there are things that we could add to the game- that would make 
it…better?  
 




Student: Like shading it in. 
 
[Student makes repeated gestures of pressing the points to 
denominate in the tutor] 
 
Interviewer: Okay… like coloring in.  
 
Student: Mm, hmm. 
 
Interviewer: And what about, like you said that 
the part about dividing it into equal pieces was 
hard? What do you think would make that easier 
to do? What do you think? 
 
Student:  Like a smaller number.   
 
[Student uses hand to make successive slicing motions]  
 
Interviewer: Okay… A smaller number. 
 
Student: A smaller piece. 
 
 
Figure 38. Student SD suggests iconic gestures to make the game better. 
 
In Figure 38, the experimenter asks how the design team can make the tutor-game better 
and she suggests a shading activity as an alternative to pressing on the screen as a means for 
making fracturing quantities easier.   Then she suggests using smaller numbers (i.e., bigger 
pieces) while making repeated slicing motions across her finger, showing both in words and 
gesture (Goldin-Meadow, 1998; 2000; Goldin-Meadow et al. 2001) that she is learning the 









This pilot study presented clear preliminary evidence that students using iconic gestures 
performed more accurately for tasks estimating and denominating fractions using an area-model 
number line hybrid.  Data from the surveys and from the clinical interviews also confirmed the 
gestures of M3:i1 mapping onto student’s descriptions and explanations of fractions (Alibali & 
Nathan, 2012).  The empirical evidence supports the hypothesis that iconic gestures (Segal, et 
al., 2014) help students perform better at estimating and denominating fractions than deictic 
gestures.  This is not surprising since both estimation and denomination are grounded in the 
processes of metering measurements (Steffe, 2004; Schneider et al., 2010; Siegler, et al., 2011) 
and built into the gestural mechanics for the iconic condition.  After playing the tutor-game, 
students from both conditions used iconic gestures but only deictic condition students used 
deictic gestures.  This suggests that the gestures of M3:i1 are being integrated into students’ 
mental models of the fracturing process.   
Iconic gestures are active, continuous and concrete (Alibali et al., 2012).  Iconic 
gestures capture the processes that underlie the concepts of fractions by measuring to estimate, 
splitting the bar to denominate equal parts and then marking the parts to numerate the fraction.  
Since iconic gestures represent the iconic, metaphorical and enactive dimensions of fractions (i.e., 
estimating, denominating, numerating, equivalence, etc.), their connection to the concept is 
clearer.  Less clear is the role of the deictic gesture.  Deictic gestures are more static, pointed 
and abstracted  (Ballard, Hayhoe, Pook, & Rao, 1997). Deictic gestures capture the product of 
those same processes by locating the target value of the fraction. As gesture that identifies 
external referents (McNeill, 1992; Alibali et al., 2012), the deictic gesture in M3:i1 represents the 






could have abstracted qualities compressed into its pointed expression.   
For example, students in the deictic condition pointed to locations along the bar to 
denominate equal pieces.  When they are pointing, what are they conceptualizing?  Moreover, 
what roles do they assign to the gesture?  Do they think of the pointing gesture as breaking the 
bar, slicing the bar, splitting the bar – fracturing the bar? It is possible that the deictic gesture 
could offer affordances through its concise and pragmatic mechanic that make them suited for 
learning different content. In the interviews, it is not surprising that students from the deictic 
condition consistently employed both deictic and iconic gestures in their explanations.  Deictic 
gestures can index objects and metaphorically enacting procedures (Alibali et al., 2012; Segal, et 
al., 2014; Kang, Tversky & Black, 2015).  If we take their gestures as indicators of their 
implicit knowledge or mental models of fractioning (Broaders, et al., 2007), their interviews 
suggest that their natural conceptualizations of the fracturing process is an embodied one, hence 
their producing gestures that were deictic, enactive and metaphorical.  
When Student SD (see Figure 37) searched for the right word but with her hands makes a 
slicing motion repeatedly in even intervals, like a speech-gesture mismatch (Perry, Church, 
Goldin-Meadow, 1991), the rift between her language and her action could signify that her 
learning is in transition (Goldin-Meadow & Alibali, 1995).  Nonetheless, her body knew even 
when her words were withheld and that she expressed her concept of “even” by using the 
embodied splitting schema (Norton et al., 2009).  Her iconic gesture shows how gesture 
scaffolds conceptualization (Goldin-Meadow, et al., 2009; Alibali et al., 2012).  When students 
were asked to describe how they made fractions in the game, their responses in the clinical 
interviews and surveys revealed that their meta-perceptions of their actions (i.e., mechanics) in 






because they cater to players naturally embodied inclinations (Alibali et al., 2012). It is 
interesting that students in the iconic gesture conditions did not use deictic gestures but students 
in the deictic gesture condition used both iconic and deictic gestures.  Student’s free responses 
in the exit surveys corroborated this conceptual crossover.  While both iconic and deictic 
condition students both used words like “slice” and “split”, only those in the deictic condition 
used the word “tap” to explain their experience (Figure 27).  
For narrative, empirical evidence revealed no significant impact of adding settings, 
characters or plot to the tutor-game.  That few students integrated any elements of the strong 
narrative into their survey responses or clinical interviews suggests a few possibilities: (1) the 
narrative was not strong enough to invest users, (2) it could be a seductive detail (Harp & Mayer, 
1998; Mayer et al., 2008; Adams et al., 2012), (3) it may interact with gesture and users such that 
its effectiveness differentiates between users and conditions (suggested by the estimation error 
results, see Figures 21 & 22) and requires more study.  
 
Conclusion 
In total, the design-based revisions to M3:i1 provided important answers and directions 
from the research on M3:i2.  Preliminary evidence supports iconic gestures as a natural tool for 
teaching fractions (Goldin-Meadow et al., 2001; Alibali et al., 2012).  Mixed methods 
iterative-design experiments are effective ways to create contextually situated embodied 
experiences of mathematical thinking (Lesh, 1985).  More research is needed to evaluate the 
impact of narrative.  The revisions of M3:i1 to M3:i2 also provided important lessons for the 
design and delivery of tutor-game assets, scaffolding and feedback.   Faulty design can affect 






theoretical frameworks and methodologies ensures a breadth in the evidence that shows students 
actively making discoveries and learning (Lesh & Sriraman, 2005).  Leveraging the 
technologies of digital tablets allows learning-scientists to bring mathematical concepts into 
contexts that can situate embodied learning (Brown, 1992; Van Dijk, 1997; Barab et al., 2004; 








~ Chapter 4 ~ 
  
Design-Based M3search.  
Results from the pilot study informed the re-design for the second iteration of the 
tutor-game, M3:i2.  Changes in assets, activities, feedback and scaffolding were made to all 4 
versions and while other changes focused primarily on revising the strong narrative.  Many of 
the changes were informed by observations of students’ tutor-game play, responses to the 
motivational assessment and clinical interviews. This chapter reflects the benefits of the iterative 
design process and discusses the development of M3:i2. 
 
Iterating M3:i1 to M3:i2 
Revising the Strong Narrative.  In addition to these revisions, M3:i2 also included major 
revisions to the strong narrative, including scenes, characters, plot and the addition of interstitials 
to move the narrative along from level to level.  In re-developing the narratology of M3, we 
used the visual iconography of comic strip frames to animate the transitions between narrative 











the player to help them save the land of Penguia from melting by powering up Robots to fix the 
Climatron (an Arctic Freezer that keeps the temperature cool).  However, since proprietary 
narrative elements like the Climatron proved difficult for students to remember, researchers 
revised for a simpler and more connected narrative. An effective strong narrative should situate 
students’ reflections (Dewey, 1938/1960) by seeing assets (i.e., the enerchi bars) as (re)sources 
to accomplish the goal (i.e., rescuing the penguins) (VanDijk & Kintsch, 1983). If the narrative 
effectively situates the learning activities, students’ responses to the tutor-game should invoke 
the narrative elements like “Cyberchase”, "robots" and "penguins" in their mental model of the 
problem space.  While many of the players of M3:i1 recognized the brand and its characters, 
they largely failed to identify tenets central to the plot.  
How the strong narrative in M3:i1 
impacted learning was not clear.   What 
was clear is that students did not really 
connect to the first pass at developing a 
narrative.  The revised story arc for 
M3:i2 is that Penguia’s population of 
penguins had been placed under a trance 
by the villain, Hacker, using the mind 
machine and the player must energize 
the HERObots that are impervious to being hypnotized.   
Consequently, four key changes were made to the strong narrative from M3:i1 to M3:i2.  
First, the scenes for M3:i1 that were set in the icy environment of Penguia were changed in 
M3:i2 to be situated in a laboratory setting.  Second, the pedagogical agent in M3:i1, Jackie, 
 
 







was replaced in M3:i2 with the affably anthropomorphized penguin character, Fluff.  Third, the 
inciting event in M3:i1 that centered around Hacker’s attack on the Climatron (a device that 
helped protect Penguia) was revised in M3:i2 to center around a new plot point, Hacker’s Mind 
Machine (a device to hypnotize the penguins).  Fourth, the macrostructure goal for M3:i1 
tasked players to prevent Hacker from attacking the Climatron in order to save the land of 
Penguia was changed in M3:i2 saving the penguins of Penguia from Hacker’s evil trance by 
destroying the Mind Machine (see Figure 40).   
These changes were intended to strengthen the players’ perception of their role in the 
narrative and invoke a sense of agency in their ability to power-up the HERObots by fracturing 
enerchi bars to stop the villain Hacker and save the penguins of Penguia.  Additionally, the 
design team added interstitial scenes that used flashback, parallel action, foreshadowing and 
cliffhangers (Hancock, 2002 as cited in Dickey, 2006, see Figure 41) in addition to revising both 
the intro and outro scenes.   These “plot hooks” were added to reinforce the immediacy of the 
conflict in M3:i2 by instilling an “emotional proximity” for the players to the narrative (Dickey, 
2006, p. 251).  
 
ReDesigning FrActivities.  Experimenter observations were valuable for assessing the 
playability of the tutor-game and necessary revisions to the fractivities that would improve the 
 
 
Figure 41. Interstitial Scenes added to the Strong Narrative of M3:i2: (Left) “Hacker’s Taken Over!”; (Middle) “The 






utility and usability.  In M3:i1, users were given opportunities to deposit objects into containers.  
The intention was twofold: (1) to embolden the players’ perception of the virtual manipulatives 
as “real” and (2) help students learn to disembed the part from the whole via the partitive fraction 
schema (Steffe & Olive, 1996; see Figure 42)  
objects to reinforce the embodied object-hood of the enerchi bars and enhance the ludology 
(game-play experience) of the tutor game. However, it became apparent that these activities, 
since they were not directly related to the procedural pedagogy for learning fractions, were not 
only unnecessary but possibly a seductive detail that detracted from student performance.   
In the process of depositing the energized portion of the bar (i.e., separating it from the 
remainder of the bar), users could no longer see the part in relation to its whole.    
Consequently, when players manipulated them in Part 2 of the tutor-game, they appeared as 
different-sized wholes, not as fractions of wholes (see Figure 43).  Although the shadowed 
 
 







slotted columns in each 
chamber were designed to 
depict the missing portion of 
the whole enerchi bar, we 
suspected that this was not 
effective.  Thus, for M3:i2, 
rather than relying on the combination of multiple conventions to represent the fractions, we 
eliminated the deposit procedure from Part 1 and transferred the entire enerchi bar, thereby 
allowing players to continue to view the fraction as a relationship of parts to the whole.  
Additionally, denomination lines were added to the enerchi bars to help connect the constructive 
process from Part 1 to Part 2 and the numerical representation (see Figure 43).   
For the estimation activity in M3:i1, students received no feedback for their initial 
estimates.  This was done to prevent any poor estimates from biasing students’ subsequent 
denominations.  However, students expressed frustration and an inherent desire for feedback on 
their estimate.  As a result, an entirely new activity was added, re-estimation at the end of Part 1 
after students had successfully denominated and numerated the fraction (see Figure 44). 
Allowing students to adjust their estimate after successfully denominating and numerating the 
enerchi bar offered opportunities to contrast between original estimates and target magnitude 
 
 










(Schwartz, Chase, Oppezzo, Chin, 2011).  It also helped learners visualize how the partitive 
schema (Norton et al., 2009) reconciled with the continuity of rational numbers in a number line 
schema (Behr, Lesh, Post, & Silver, 1983; Siegler et al., 2008; Gabriel, Coché, Szucs, Carette, 
Rey, & Content, 2013).  In effect, adding the ability to correct the original estimate after 
successfully denominating and numerating allows learners to estimate both with and without 
landmarks (Sigler & Thompson, 2014).     
The construction process of Part 1 was intended to embody foundational understanding 
for the magnitude of the fractions to prepare learners for correctly ordering the fractions from 
smallest to largest in Part 2.  However, students were largely unable to successfully order the 
fractions on either first, second or third attempts.  Observations of game play and log data 
showed that students were gaming the system (Baker, Corbett, Koedinger, Wagner, 2004).  In 
large part, students were simply switching fractions to different positions randomly and 
submitting answers ad hoc in a type of trial and error process in order to use the red (incorrect) 
and green (correct) feedback to refine their answers until they were correct or until they 
bottomed-out  (i.e., until the scaffolded fourth attempt provided them with the correct order 
Baker, Carvalho, Raspat, Aleven, Corbett & Koedinger, 2009).  It was evident that students 
were not making the connection between the magnitude of each fraction they constructed in Part 
1 with its numerical value in Part 2.  To ameliorate this issue in M3:i2, researchers introduced 
an optional scaffolding mechanism by which students could preview the size of a fraction for 






Pedagogically, the goal 
was for students to determine 
equivalency between fractions 
by comparing them (i.e., <, >, =).  
Designers had to create a 
mechanic that encouraged 
students to make bifurcated comparisons between the fractions by pressing a preview button that 
displayed the numerical representation followed by the fading visual preview of the fraction 
(Figure 45).  This feature gives players a visually scaffolded interactive tool to help them 
contrast between two cases (Schwartz and Bransford, 1998) of fractions in order to connect 
numerical values to the partitioned enerchi bar. 
 
ReDesigning Instructional Scaffolds.  In M3:i1, all instructions were delivered audibly via the 
agent, Jackie. If students’ needed to hear the instructions again, they could hit the “?” on the 
screen.  Despite this feature, many students still requested additional help from the 
experimenters proctoring the session, indicating that instructions at times were unclear. As a 
result, a ghost hand modeling the gestures that scaffolded the processes (Azevedo & Hadwin, 
 
 










2005) was added to the audible instructions delivered by the pedagogical agent.  Moreover, 
changing the instructions to a combination of audible and visual instructions also makes the 
tutor-game more accessible to children with hearing difficulties and ESL learners (Figure 44).  
 
ReDesigning Scaffolded 
Feedback.  In the course 
of developing a tutor-game, 
the responsibility every 
feature of the environment 
makes every aspect of 
design features like assets, 
scenes, characters, 
narratives, layouts, colors, 
aesthetics, mechanics, etc. 
integral for scaffolding 
engagement and learning.   
In M3:i1, feedback and 
scaffolding was delivered 
using visual semiotic 
conventions (i.e., red = 
wrong; green = correct; 
blue = scaffold), SFX and on-screen semiotic conventions (i.e., red = wrong; green = correct; 
blue = scaffold), SFX and on-screen text qualifying the students performance. Figure 47 shows 
 
 







how feedback and scaffolding were revised between M3:i1 and M3:i2. For example, in M3:i1 
when a student incorrectly denominated a bar, the lines turned red.  While this highlights that 
the denominations are incorrect, it seemed to detract from the partitive schema of splitting the 
whole (Steffe, 2002; 2003; 2004; Hackenberg, 2007; Norton & Wilkins, 2009).  In M3:i2, the 
denomination scaffolding changes the color of the entire enerchi bar to focus attentions on the 
operation of splitting as a function of the entire bar.  There are many additional small edits 
reviewed in Figure 47.  For example, in Part-2, feedback for incorrectly ordering the enerchi 
bars was revised from turning numbers red to a brief visual depiction of the fraction for 
comparison that users could use to connect the numerical value with its quantity.   
Although the M3:i1 telemetry (backend data from the tutor-game) for each student 
provided good early indications of differences between the gesture conditions, the design of the 
backend system was flawed.  The developer had designed a system to use wireless to upload 
player data to a cloud server. As a result, many of the automatic uploads were interrupted in the 
shielded skyline of Manhattan and a large amount of data was lost in transmission.  Thus, the 
resulting analysis was limited to Levels 1-3 of a 5 level curriculum.  So, even though initial 
results were good and showed significant differences, they were incomplete.  In the redesign 
from M3:i1 to M3:i2, we solved this problem by implementing a new back-end data 
management system that outputs student telemetry data to a csv log. 
 
Study 3: Testing M3:i2 
In gesture, a number of new studies have been published investigating the impact of 
gesture on learning in mathematics and science.  Segal, Tversky and Black (2014) demonstrated 






numerical estimation showed better performance than incongruous gestures.  Kang, Tversky and 
Black (2014) showed that enactive gestures carry both structural and functional information as 
opposed to gestures that depict solely structural information.  Taken together, these studies 
highlight the importance of procedural learning as a means for conceptualization.  Norton and 
Wilkins (2009) and more recently, Martin, Aghabayan, Forsgren, Smith, Baker 
and Janisiewicz (2014) have shown that the act of splitting is a core component to understanding 
mathematical fractions; how to embody fractions using splitting is our goal.  However, 
determining which gestures work best is still to be determined.  Through the myriad of work on 
gestures and learning, there is evidence that each gesture might come with its own 
affordances.  While the M3 project originally predicted that iconic gestures would perform best, 
other researchers like Byrge and Goldstone (2011) used an iconic gesture that had been spatially 
transformed along an axis (e.g., using a push motion to pull) and found better learning compared 
to the non-transformed iconic gesture.  Riconscente (2011) found a balancing gesture (e.g. tilt of 
a digital tablet) to be advantageous, but the comparison was between gesture and no-gesture.  In 
M3, we hope to differentiate between iconic and deictic gestures, their efficacy, and qualify what 
they afford (Gibson, 1979) the students in their conceptualizations.    
In narrative, Jiminez (2014) recently created a digital-tablet based fractions tutor-game 
that assessed the impact of story.  Like the M3 study, Jiminez et al. also used a single game 
architecture to create multiple variations of a tutor game that differed in asset depiction and 
story.   Like M3, Jiminez adequately controlled for the independent variables (i.e., narrative), 
allowing the researchers to attribute the positive correlations between gain scores, story and 
enjoyment to the addition of narrative and characters.  The hypotheses for Study 3 are the same 







Participants.  Researchers solicited student participation from the Henry Street Settlement 
After-School program.  A total of 97 students were consented/assented over the fall and winter 
of 2014-2015 and a total of ninety-six students completed the study (x̄age= 9.65 [.38], 53% 
female; 1 student withdrew voluntarily from the study.     
Procedure. In a 2x2 factorial with repeated measures, students were randomly assigned to 1 of 4 
conditions: (1)  SI ( Strong Narrative & Iconic gestures; n=25);   (2)  SD -   Strong Narrative & 
Deictic Gestures; n=24)  (3)  WI ( Weak Narrative & Iconic gestures; n=24);   (1)  WD (  Weak 
Narrative & Deictic Gestures;  n=23  ).  The study was conducted in 4 phases: (1) Pre-Testing 
(2) Tutor-game Play (3) Post-Testing & Motivation Survey and (4) Clinical Interviews.  Each 
student completed a total of 3 one-hour sessions over three days, with day 1 including pre-tests 
formal assessments, day 2 for tutor play and exit surveys, and day 3 for post-tests formal 
assessments 5-min clinical pull-out interviews (per NYC DOE IRB, see Appendix 
OO).  Sessions were blocked in groups of 10 (5 students per condition).   Each day of tutor-play 
consisted of 2 sessions per day for a total of 20 students/day.  Each section of students was 
completed over 1 week’s time with absentees completing tutor-play and assessments via 
pullouts.  Portions of tutor play were video recorded, as were students’ clinical interviews. 
Materials. Direct Formal Fractions Assessments.  After designing M3:i2, a second study was 
conducted using the same formal assessments (Direct Forms A & B (see Appendices W & X 
and Transfer Forms A & B(see Appendices Y & Z), 5-point likert motivational exit survey (see 








Direct Formal Fractions Assessments.  Students across all conditions showed significant 
improvement from pre to post on the direct fractions assessment (see Table 4).  Paired samples 
t-tests comparing difference scores between pre and post scores on the direct assessment 
revealed significant improvements on students’ total scores (t(95) = 8.03, x̄= 1.72 [2. 04], p 
< .001), estimation (t(95) = 8.24, x̄= 1.72 [2. 04], p < .001), denomination (t (95) = 4.901 , x̄= .828 
[1.65], p < .001 ) ; numeration (t(95) = 3.11 , x̄= 1.72 [1.06], p < .003) and equivalence (t(95) = 
6.92 , x̄= 2.66 [3.74], p < .001) using area-model number line representations of fractions similar 
to those in the tutor-game. Binary logistic regressions confirmed no overall predictive value of 
the direct assessment on narrative (β = .071, exp β = 1.07, p < .165) or gesture (β = -.30, exp β 
= .97, p < .52).   
Table 4 
 
Paired T-Tests (Post – Pre) of Direct & Transfer Assessments (n=96) 
 
Measures x̄pre     [std. dev] x̄post [std. dev] x̄post-pre [std. dev] t(1,95)    Sig. (2-tailed) 
 
10) Direct Total Score† 23.135  [5.68] 26.62  [5.29] 3.484  [4.25] 8.033     .000 
11) Direct Denomination 8.536   [2.22]  9.39  [1.61]  0.828  [1.66] 4.901 .000 
12) Direct Numeration 6.484 [1.01] 6.82 [.833] 0.339  [1.07] 3.107 .002 
13) Direct Estimation 5.010 [2.32] 6.72 [2.01] 1.714  [2.04] 8.235 .000 
14) Direct Equivalency 11.599 [5.68] 14.25 [4.20] 2.656  [3.74] 6.962 .000 
 
15) Transfer Total Score‡ 21.802 [5.76] 24.323 [6.67] 2.521 [3.97] 6.033 .000 
16) Transfer Denomination 0.432 [2.06] 15.536 [5.29] 15.104 [3.95] 37.431 .000 
17) Transfer Numeration 16.260 [3.81] 17.026 [4.32] 0.766 [2.71] 2.764 .007 
18) Transfer Estimation 3.604 [1.11] 4.177  [1.12] 0.573 [1.12] 4.995 .000 
19) Transfer Den. & Num. 16.266 [5.45] 18.229 [5.96] 1.964 [3.52] 5.472 .048 
20) Transfer Equivalency 4.917 [2.51] 5.354 [2.66] 0.437 [2.14] 2.003 .026 
21) Transfer Addition 0.911 [1.17] 1.109 [1.20] 0.198 [0.85] 2.263 .000 
22) Transfer Subtraction 0.650 [.962] 1.290 [5.29] 0.650 [.808] 7.836 .002 
23) Transfer Multiplication 1.609 [1.51] 2.078 [1.65] 0.469 [1.42] 3.244 .000 
 
  † Means Testing Between Groups reveals no preliminary differences between groups for Direct Total F (3,92) =   .682, p > .564 







Transfer Formal Assessments. Like the direct assessment, students across all conditions showed 
significant improvement on the transfer assessment that included additional semiotic 
representations (i.e., object collections, number lines, non-rectangular shapes, containers, 
unitization) as well as arithmetic operations with fractions; see Table 4). A paired samples t-test 
comparison of total scores revealed a significant improvement for all groups from pre to post (t(95) 
= 6.217, x̄= 2.52 [2.12], p < .001).  Paired-t tests calculating difference sub-scores revealed 
significant improvements for all groups on transfer representations of fraction estimation (t(95) = 
4.99, x̄= .573 [1.12], p < .001), denomination (t(95) = 3.406 , x̄= .958 [2.75], p = 6.217, x̄= 2.52 
SD = 2.12, p < .001).  Paired samples t-tests calculating difference sub-scores revealed 
significant improvements for all groups on transfer representations of fraction estimation (t(95) = 
4.99, x̄= .573 [1.12], p < .001), denomination (t(95) = 3.406 , x̄= .958 [2.75], p < .003); 
numeration (t(95) = 2.764 , x̄= .766 [2.71], p < .01), fractioning (t(95) = 5.47 , x̄= 1.96 [3.51], p 
< .001), equivalence (t(95) = 2.00 , x̄= .436 [2.14], p < .05), addition (t(95) = 2.26 , x̄= .198 [.857], 
p < .03),  subtraction (t(95) = 2.26 , x̄= .646 [.808], p < .001) and multiplication (t (9 5) = 3.24 , 
x̄= .468 [1.42], p < .003) on area models, number lines, shapes, sets, numerical and word 
problems. One-way ANOVAs revealed no significant differences between difference scores 
by narrative (F (1,94) = 3.213, p < .076) or by gestures (F (1,94) = 3.221, p < .076) and binary 
logistic regressions confirmed no predictive value of the direct assessment on narrative on 
narrative (β = .103, exp β = 1.11, p < .089) or gesture (β = -.104, exp β = .902, p < .088). 
 
Exit Survey: Likert-Scale Items. Student's responses to five-point likert-scale items found strong 
indications that students across all conditions like math (x̄LM = 4.25 [1.167]), considered 






4.37 [1.03]), enjoyed playing (x̄E = 4.51 [.836]) and wanted to learn more math after playing the 
tutor-game (x̄P = 4.11 [1.14]).  Overall, students’ rankings of their abilities for fractions (x̄SE = 
3.77 [1.046]) was consistent with their own assessments of their performances in the tutor-game 
both for fracturing (x̄FG = 3.95 [.927]) as well as for determining equivalence (x̄EQ = 3.86 
[1.078]).  Moreover, most students seemed to indicate strong preference to play the tutor-game 
more (x̄MG = 4.37 [1.032]).  
Table 5 
 
Means, standard deviations and correlations for Exit Survey (5-point Likert Scale) 
  
    Measures x̄ sd 1 2 3 4 5 6 7 8 9 
 
1) Engagement 4.51 0.83 1.00 
“I enjoyed playing the game” 
2) Math Self-Efficacy  3.98   1.01 -0.01 1.00 
“I’m good at Math” 
3) Math Interest 4.26   1.16 .104 .397*** 1.00 
“I like math” 
4) Fraction Self-Efficacy 3.77   1.04 .236** .314*** .348*** 1.00 
“I am good at fractions” 
5) Tutor Self-Efficacy 3.95   0.92 .219* .363*** .235* .464*** 1.00 
“In the game, I did very well    
 making fractions” 
6) Tutor Self-Efficacy2 3.86   1.07 .181* .357*** .419*** .441*** .486*** 1.00 
“In the game, I did very well    
 ordering the fractions…” 
7) Math Mindset 4.16   1.19 .379*** -.026 .249** .087 .107 .144 1.00 
“Playing this game makes feel like 
 I can learn math” 
8) Math Mindset2 4.11   1.14 .433*** .064 .383*** .189* .176* .181* .531*** 1.00 
“Playing this game makes me want 
 to learn math” 
9) Goal-Oriented 4.36   1.03 .238* .067 .298*** .221* .238** .176* .291*** .420***  1.00  
 “I would play more challenging 
  levels of the game” 
 
  *  (p < .01)  **  (p < .05)   ***  (p < .001)    
Correlations revealed significant relationships and the lack of relationships between 
students’ performances and their perceptions (see Table 5). Unsurprisingly, students who report 
liking math, as a measure of intrinsic interest also report being good at math (r = .397, N =96, p 






tutor-game making fractions (r = .363, N =96, p < .001) and determining equivalence (i.e., 
ordering fractions from least to greatest; r = .357, N = 96, p < .001).  Student engagement was 
positively correlated with students’ perceptions of their own self-efficacy for fractions (r= .236, 
N=96, p < .05), making fractions in the tutor-game (r= .219, N=96, p < .05), ordering fractions in 
the tutor-game (r= .181, N=96, p < .05) as well as their ability to learn fractions (r= .379, N=96, 
p < .01) and their desire to learn math (r= .433, N=96, p < .001).  Lastly, students’ desire to play 
additional, more challenging levels of the tutor-game (i.e., persistence) was positively correlated 
to every measure except for general math self-efficacy (r= .104, N=96, p = ns).  
Researchers also calculated correlations between students’ transfer assessment scores and 
the likert measures and found an inverse relationship between students’ assessment scores and 
 their desire to learn math on the iPad for each of the four of skills that were covered by the 
tutor-game curriculum, estimation (r = -.248, N =96, p < .02), denomination (r = -.244, N =96, p 
< .02), numeration (r = -.208, N =96, p < .05) and equivalence (r = -.209, N =96, p < .05).  
Between the nine items meant to gauge motivation, interest, engagement, enjoyment, 
mindset, self-efficacy, persistence, learning and interest, there is a significant relationship 
between nearly every item.  Perhaps most notable amidst the web of correlations is the lack of a 
relationship between interest, math self-efficacy and engagement (see Zimmerman, 2000; Singh, 
Granville & Dika, 2002). This suggests that students like playing the tutor-game, are engaged 
with it and wanted to play more.  Moreover, these results supported a growth mindset (Dweck, 
2006) and thought they could learn math regardless of their overall interest in mathematics.  
Additional correlations between students transfer assessment scores and students likert responses 
indicated an inverse relationship between their scores and their desire to learn math on the iPad 






denomination (r = -.244, N =96, p < .02), numeration (r = -.208, N =96, p < .05) and determining 
equivalence (r = -.209, N =96, p < .05).  For students who do not perform as well in 
mathematics to indicate higher levels of engagement with the curriculum when it is delivered in 
a game-like format on a digital tablet seems to substantiate that integrating these technologies, 
regardless of actual learning, seems to impacting their willful desire to learn math (Rossing, 
Miller, Cecil, Stamper, 2012).    
Exit Survey: Free Responses. Students’ responses to the questions, “What was the game about?” 
showed that for M3:i2, the narrative was impacting the students’ overall perception of the 
tutor-game and what it was about.  In Figure 48 below, students’ responses are displayed in 
word maps along with frequency data that shows both the similarities and differences between 
the strong and weak narrative conditions.  Most notable are the references to “Robots", 
 
 
TRONG	   fractions	   game	   bars	   robots	   make	   parts	   estimate	   equal	   put	   play	  
Count	   38	   16	   11	   16	   12	   8	   20	   7	   11	   11	  
%	   17.84%	   7.51%	   5.16%	   7.51%	   5.63%	   3.76%	   9.39%	   3.29%	   5.16%	   5.16%	  
WEAK	   fractions	   game	   bars	   we	   make	   parts	   estimate	   compare	   put	   play	  
Count	   51	   23	   13	   12	   11	   10	   9	   6	   5	   6	  
%	   23.94%	   10.80%	   6.10%	   6.10%	   5.63%	   4.69%	   4.23%	   2.82%	   2.35%	   2.82%	  
STRONG	   lines	   order	   shade	   they	   divide	   cut	   save	   penguin	   Penguia	   Hacker	  
Count	   7	   6	   6	   4	   4	   4	   4	   3	   3	   3	  
%	   3.29%	   2.82%	   2.82%	   1.88%	   1.88%	   1.88%	   1.88%	   1.41%	   1.41%	   1.41%	  
WEAK	   lines	   order	   shade	   draw	   divide	   cut	   split	   pieces	   denominator	   break	  
Count	   7	   3	   7	   6	   5	   4	   4	   6	   4	   4	  
%	   3.29%	   1.41%	   3.29%	   2.82%	   2.35%	   1.88%	   1.88%	   2.82%	   1.88%	   1.41%	  
I 
Figure 48: Word maps and count data for students responses to the “What was the game about?” (left) Strong 







"Penguia" and the villain “Hacker” in students’ descriptions of the game-tutor activities from the  
strong narrative condition while students in the weak narrative referenced purely procedural 
operations and mathematical references to the curricular content of the tutor-game.   
When students were asked to “Describe what a fraction is…”, responses between the 
gestural conditions were similar between both groups, sharing the same five most popular key 
words: fractions, parts, pieces, whole and number. Despite the intended impact of the differing 
gestural or narrative conditions, students continued to use common language across their 
responses.  When students were asked to “Describe what you did in the game to make the bars 
into fractions,” their language, again was similar between both gestural conditions using words 
like put, make, cut, estimate, divide, split, draw, shade and break.  However, there were slight 
differences both in frequencies as well as amongst some of the language they used to 
characterize either their iconic gesturers (e.g., slice and fractioned) or deictic gesturers (e.g. tap 
and press)(see Figure 49). 
   
 
CONIC	   put	   make	   cut	   estimate	   divide	   split	   draw	   shade	   slice	   fractioned	   break	  
Count	   12	   12	   11	   3	   7	   4	   7	   3	   2	   2	   2	  
%	   18.46%	   18.46%	   16.92%	   4.62%	   10.77%	   6.15%	   10.77%	   4.62%	   3.08%	   3.08%	   3.08%	  
DEICTIC	   put	   make	   cut	   estimate	   divide	   split	   draw	   shade	   tap	   press	   break	  
Count	   7	   14	   7	   5	   5	   4	   2	   10	   4	   3	   2	  
%	   11.11%	   22.22%	   11.11%	   7.94%	   7.94%	   6.35%	   3.17%	   15.87%	   6.35%	   4.76%	   3.17%	  
 
 
Figure 49: Word maps and count data for the verbs students used in their responses to responses to “Describe what 
you did in the game to make the bars into fractions”: Iconic gestures (left map; top rows) vs. Deictic Gestures (right 







Telemetry Data. In addition to these external measures, the M3 tutor-game produces a detailed 
log of student's performances estimating, denominating, numerating, re-estimating and ordering 
(i.e., determining equivalency and verifying magnitude and position along a vertical number line) 
fractions.  The tutor-log tracks each user by a unique ID and for each problem, logs students’ 
time-on-task, accuracy, error, number of attempts, strategies, exposure to scaffolding and help 
seeking.  
Although an omnibus MANOVA on all of the telemetry data revealed a non-significant 
interaction between narrative and gesture (F(26, 30) = 1.423, p > .175; Pillai’s Trace = .552, 
ηp2 = .552, (1- β) = .780), there were significant main effects for both narrative (F(26, 30) = 1.894, 
p < .047; Pillai’s Trace = .621, ηp2 = .621, (1- β) = .909) and gesture (F(26, 30) = 3.821, p < .000; 
Pillai’s Trace = .448, ηp2 = .768, (1- β) = .999).  For this data, we use Pillai’s Trace statistic to 
account for unequal sample sizes between the truncated (i.e., outliers removed) groups and 
present the multivariate data here after running non-parametric independent Samples 
Mann-Whitney U tests that confirmed the same results as the MANOVA and univariate tests.  
Table 5 on the next page provides the means for each variable for all conditions. In the following 
results, univariate ANOVAs indicate the impact of both narrative and gesture on students’ 
performances in M3:i2.      
Estimation & ReEstimation. Tests of between-subjects effects showed that students in the strong 
narrative condition (x̄S = 7.24 [2.23], n = 26) and those using iconic gestures (x̄I = 6.98 [1.15], n 
= 34) took more time to complete their estimations than either students in the weak narrative 
condition (x̄W = 6.27 [1.73], n = 33; F(1, 55) = 3.28, p > .08, ηp2 = .060, (1- β) = .43) or those using 
deictic gestures (x̄D = 6.04 [1.93], n = 25; F(1, 55) = 4.645, p > .036, ηp2 = .078, (1- β) = .563).  






try (x̄I = 14.47 [9.56], n = 34) more often than students using deictic gestures (x̄D = 10.28 [6.71], 
n = 25; F(1, 55) = 3.744, p > .058, ηp2 = .064, (1- β) = .477) and required less scaffolding (x̄I = 0.29 
[0.68], n = 34) than students using deictic gestures (x̄D = 0.60 [0.82], n = 25; F(1, 55) = 2.816, 
p > .099, ηp2 = .049, (1- β) = .378). 
Denomination.  Tests of between-subjects effects showed that students in the strong narrative 
(x̄S = 14.38 [11.36], n = 26) and using iconic gestures (x̄I = 15.18 [8.97], n = 34) made fewer 
excess cuts when denominating the bars in the tutor-game compared to students in the weak 
narrative condition (x̄W = 20.70 [15.07], n = 33; F(1, 55) = 4.83, p > .041, ηp2 = .074, (1- β) = .539) 
or those using deictic gestures (x̄D = 21.64 [18.04], n = 25; F(1, 55) = 3.478, p > .068, ηp2 = .059, 
(1- β) = .449).  The average percentage of error (aPAE) students made in denominating each 
bar was less for the strong narrative (x̄S = .152 [.071], n = 26) and iconic gestures (x̄C = .1618 
[.060], n = 34) conditions compared to students in the weak narrative condition (x̄W = 19.49 
[8.33], n = 33; F(1, 55) = 5.78, p > .020, ηp2 = .095, (1- β) = .656) or those using deictic gestures 
(x̄D = 19.53 [.099], n = 25; F(1, 55) = 2.874, p > .096, ηp2 = .050, (1- β) = .384).  The average 
percentage error students made denominating each part of each bar was also less for students in 
the strong narrative condition (x̄S = .042 [.018], n = 26) and using iconic gestures (x̄C = .048 
[.028], n = 34) than for students in the weak narrative condition (x̄W = .061 [.034], n = 33; F(1, 
55) = 7.987, p > .007, ηp2 = .127, (1- β) = .793) or those using deictic gestures (x̄D = .058 [.031], n 
= 25; F(1, 55) = 2.3, p > .135, ηp2 = .04, (1- β) = .32).    
Numeration.  Tests of between-subjects effects showed that students using iconic gestures (x̄C = 
15.18 [8.97], n = 34) took more time to numerate the parts of the bar that they needed to 
complete the fraction than students using deictic gestures (x̄D = 21.64 [18.04], n = 25; F(1, 55) = 











for numeration that are greyed out.  In effect, there was a ceiling for student performance on 
measures for numeration that has implications for both the design and administration of M3 and 
its target demographic.  This is addressed further in the discussion section.    
Ordering, Magnification & Verification.  There were no differences between groups for 
ordering the bars or the usage of the preview scaffolding.  However, students using deictic 
gestures had to be reminded to magnify (i.e., verify the height) from least to greatest (x̄D = 87.0 
[18.6], n = 25) and verify the position of the fractions along a vertical number line from least to 
greatest (x̄D = 8.2 [7.6], n = 25) significantly more often than students using iconic gestures to 
magnify (x̄C = 1.03 [2.84], n = 34; F(1, 55) = 5.23, p > .026, ηp2 = .087, (1- β) = 6.13) and verify (x̄C 
= 2.65 [.351], n = 34; F(1, 55) = 19.189, p > .001, ηp2 = .259, (1- β) = .999).   Also, students in 
the strong narrative condition (x̄S = 6.35 [7.83], n = 26) also required more reminders to verify 
the fractions from least to greatest than students in the weak narrative condition (x̄W = 3.97 [4.46], 
n = 34; F(1, 55) = 3.87, p > .054, ηp2 = .066, (1- β) = .489).   Moreover, there were large 
differences between students using the iconic gestures compared to students using deictic 
gestures.  Using deictic gestures significantly increased the amount of time it took students to 
magnify (x̄D = 1.47 [.548] n = 25) and verify fractions in Part 2 (x̄D = 1.98 [.711], n = 34) 
compared to students using iconic gestures to magnify the height of fractions (x̄C = 2.09 [1.031], 
n = 42; F(1, 83) = 48.426, p > .001, ηp2 = .377, (1- β) = 1.000) and then verify their respective 
heights along the vertical number line (x̄C = 2.09 [1.031], n = 42; F(1, 83) = 48.426, p > .001, 
ηp2 = .377, (1- β) = 1.000).   
Help/Instructions & Scaffolding.  Help in the game is delivered in the form of repeating the 
instructions for the player, which includes a scaffolded demonstration of the procedure that the 






visualization of what the student is to perform).  This constitutes a hint or as help because the 
ghost hand that delivers the visual instruction shows the player where to correctly estimate or 
denominate or identifies the correct piece to numerate, magnify or verify.  Students in the 
deictic condition asked for repeated instructions during Part 1 (x̄D = 1.47 [.548] n = 25). There 
were no other differences in help requests or the delivery of scaffolding (e.g., previewing the 
bars during ordering in Part 2) between groups.  
Discussion 
As in M3:i1, all students who played the tutor-game improved on all the fractions 
assessments for all conditions.  More research is needed to clarify how variations on the 
embodied perspective (since both gestural conditions are embodied) were influencing students’ 
perceptions and conceptions of fractions.  MANOVAs of the telemetry data showed that there 
are main effects of both narrative and gesture and qualitative data from students’ free responses 
revealed that while students referenced the strong narrative in their explanations, it was not clear 
how it was impacting their conceptions of fractions.  While students' responses and similarities 
in verbiage suggested that both gestural conditions seem to be taking an embodied perspective, 
the similarity between the two suggests that iconic gestures may be better simply because they 
conform to students’ natural inclinations to conceive of fractions via the processes of 
splitting objects (reinforcing Norton & Anderson, 2009; Martin et al. 2014).   Moreover, this 
also introduces the possibility that deictic gestures were also useful, and their utility, as with the 
iconic gestures, may depend on which narrative the gestures are paired with or on the trajectory 
of the learner (i.e., novice vs. expert, Chi, et al. 1981).  
     Since estimation and denomination are grounded in the processes of metering measurements 






gestural mechanics (Alibali & Nathan, 2012) should better simulate the processes that underlie 
the concepts of fractions compared to deictic gestures.  On the other hand, if the role that deictic 
gestures play in identifying or indexing the position (McNeill, 1992, Roth, 2001; Gliga & Csibra, 
2009) of a given fraction value, then it could also be argued that deictic gestures type of 
second-order abstraction (i.e., not directly embodying) is still incorporating the body into the 
representation, just in a different way.  In the process of metering fractions, deictic gesture index 
where to cut, which to select, how tall or where they are positioned along the number line.  
Compare these to iconic gestures that actually measure how big, cut the parts, mark the parts and 
align the objects.  If iconic gestures are enactive representations of the processes for creating 
fractions, then what can be clarified about the role of deictic gestures?  Are deictic gestures the 
logical next step in the abstraction of fractions learning?  Do the processes of creating fractions 
using deictic gestures embody second-order abstractions of identity?   
Undoubtedly, deictic gestures are more static, pointed and 
abstracted  (Ballard, Hayhoe, Pook, & Rao, 1997) than iconic gestures.  But if deictic gestures 
also seem beneficial for learning, then it is important to understand how they scaffold for the 
learner.  Since a deictic gesture identifies external referents (McNeill, 1992; Alibali & Nathan, 
2012), the deictic gesture may be bridging the gap between the external and internal worlds, the 
concrete and the abstract; deictic gestures may compress all the qualities of a fraction 
compressed into a simple and pointed expression.  How were students conceptualizing the 
processes and the products that result from pointing to the location of a fraction’s magnitude in 
the tutor-game?  What roles did they assigning to the gesture?  Did they think of their actions as 
breaking the bar? Slicing? Splitting? Cutting? Fracturing? From the clinical interviews and 






condition suggests that it is both action and location.  Thus, it is possible that the deictic gesture, 
as a concise and pragmatic mechanic, could afford the learner new paths to abstraction not bound 
by the analogues of iconic gestures. 
The correlations from the likert-item responses showed many significant relationships 
between students’ performances and their meta-evaluations and beliefs about what they knew, 
what they were capable of doing and how well they did in the tutor game and for fractions in 
general (see Table 4).  Unsurprisingly, students who reported liking math, as a measure of 
intrinsic interest (Bandura & Schunk, 1981), also report being good at math, at fractions, and 
performing well in the tutor-game.  Student engagement (Corno & Mandinach, 1983; Meece, 
Blumenfeld & Hoyle, 1988) was positively correlated with students’ perceptions of their own 
self-efficacy (Bandura, 1977; 1993) for fractions (including making and then ordering fractions 
in the tutor-game as well as their ability to learn fractions outside the game and their overall 
desire to learn math).  There were positive correlations between students’ desire to play 
additional challenging levels of the tutor-game (i.e., persistence; Weiner, 1972; Andrews & 
Debus, 1978) and nearly every other likert item except for general math self-efficacy.  
 The telemetry data revealed a number of important findings.  Foremost, researchers 
found main effects for both narrative and gesture.  This was encouraging, especially with the 
differences between the gestural conditions on the measures of denomination.  With the act of 
“splitting” objects (see Norton et al., 2009, Martin et al., 2014) as the core of M3’s curriculum, 
the better performances denominating and estimating by students in the iconic gesture condition 
(that enacted processes for fracturing objects), compared to the deictic gestures, supported the 
gestural hypothesis. This parallels the work by Ramani et al., (2008) and Siegler et al. (2009) 






children’s conception of numerical magnitude.  However, many of these effects, while showing 
differences, fell short of being statistically significant.  Thus, it was important to refine the third 
iteration of M3 as well as the research to determine the intricacies of its efficacy. While separate 
univariate ANOVAs showed many significant differences, after removing outliers, MANOVA 
truncated our data set down to 56 cases, down from 96, reducing the likelihood of type-I errors 
and creating an imbalance in subjects between condition and reducing our statistical power.   
Fortunately, the non-parametric tests mirrored the results of the MANOVA, finding the 
same differences between groups on the same variables by the same conditions. Researchers had 
hoped for the telemetry data to help clarify the impact of gestures, but thus far, further 
investigation is still warranted.  Although, any of the variables trended in the right direction, 
especially those pertaining to denomination, the telemetry data from M3:i2 still has yet to 
differentiate between the conditions when regressed on the assessment data.  Fortunately, the 
substantial qualitative evidence has left researchers optimistic that the final study on M3:i3 
would reveal any detectable differences between the conditions and what and how students are 
learning.  Revisions in the formal assessments as well as the back-end data collection for M3:i3 
added a much needed granularity to measurement and analyses, that, in turn, allowed the 
research to delve deeper into students’ learning trajectories.  The final study showed how users 
performances changed across the curriculum and across multiple trials to show not only that 










~ Chapter 5 ~ 
 
The Dissertation Study  
 Following the completion of the final round of revisions to the tutor-game, the 
research team released M3:i3 to conduct the final study of the M3 project.  The revisions 
included changes to the gestures in the deictic condition, adjustments to the curriculum, feedback 
and scaffolding with no major revisions to the narrative.  
 
Iterating M3:i2 to M3:i3 
For the curriculum, a greater range of fractions in the problem sets was expanded to 
require students to extend their skillset beyond the initial purview of unit fractions, even and odd 
denominator fractions by including more prime numbered numerators and denominators and 
more instances of equivalency.  These problems sets were amended to invoke greater desirable 
difficulty (Bjork, 1994) and sufficiently challenge (i.e., induce a type of confusion (D’Mello et 
al., 2014)) students so that their failures became productive opportunities for learning (Kapur & 
Lee, 2009).  In effect, M3:i3, unlike M3:i1 or M3:i2, allowed players to make errors and then 
consider alternatives in search for the correct solution (Klahr, 2000; Kuhn, Amsel & O’Loughlin, 
1988 cited in Reiser, 2004). By way of the iterative process, the final version of M3 was 
optimally designed to offload (distribute, e.g. Hutchins, 1995) excess cognitive demands of the 






For the instructions, M3:i1 delivered instructions at the beginning of every step for every 
problem.  Unfortunately, students not only found this very irksome but researchers during the 
sessions frequently heard the huffs and puffs of frustration emanating throughout the room in 
response to the incessant barrage of instructions.  Consequently, the instructions for M3:i2, 
were redesigned into pictorial motion graphics.  However, these instructions were delivered 
only once on the first level of the game and unfortunately a design oversight allowed students to 
inadvertently skip the instructions if they tapped the screen during their delivery.  Thus, for 
M3:i3, all instructions were delivered a minimum of 2 times on level 1 for each step before 
students could begin entering their input and students could also have the instructions repeated 




Figure 50. Opening and Estimation Sequences (Weak Narrative) between M3:i2 (top row) and M3:i3 (bottom row).  
(1) All instructions in M3:i3 are delivered a minimum to 2x before the player can advance.  This ensures that all 







After estimating, players were instructed to “divide the bar into equal parts”.  Figure 51 
diagrams instructional revisions for the denomination sequence.  Again, visually scaffolded 
instructions are delivered a minimum of twice.  Feedback for both correct and incorrect user 
inputs was redesigned to bring visual focus on the specific error being committed.  In the case 
of denomination, if a student made an error, then the feedback was specific to the division lines 
on the bar and not the just whole bar in general.  Also, the duration of the feedback presentation 
was reduced from 1 second to 250 milliseconds (ms) to minimize students’ ability to rely on 
memory traces to answer problems.   
 For numeration, a player was instructed to “select the correct number of parts”.  Figure 
52 diagrams the revisions for M3:i3 for the numeration sequence.  Again, the visually 
scaffolded instructions are delivered a minimum of twice, incorrect feedback shortened to 250 
ms and correct feedback was redesigned to emphasize the specific parts selected and not the 
entire bar.  
 
 
Figure 51.  Denomination Sequence revisions between M3:i2 (top row) and M3:i3 (bottom row). (1) Instructions 
are delivered a minimum of twice. (2) Incorrect Feedback for dividing the bar into equal pieces is redesigned to focus 
visual emphasis on the “cuts”.  (3) Scaffolding is provided, but depicted less pronounced to require close inspection 







For re-estimation, a player 
was instructed to “fix your 
estimate so that it is exactly 
[fraction]”.  Figure 53 diagrams 
the revisions from M3:i2 to M3:i3 
for the re-estimation sequence.  
Instructions for this step were not 
repeated, but two new visual 
conventions were added: (1) 
enlarging the fraction in the display at the bottom right and (2) increasing the luminosity on the 
correct feedback for finishing the fraction.  Adding the re-estimation step was a key contributor 
to students’ improvement on estimation in M3:i2 for all groups and especially for students in the 
strong narrative since it helped make sense of the initial estimation step that had confused many 




Figure 53.  REstimation Sequence revisions between M3:i2 (top 
row) and M3:i3 (bottom row). (1) The enlarged number on the 
bottom left display that expands pulses for each sequence Part 1. (2) 
The glow upon completing the fraction is most pronounced when the 
player finishes “fracturing” the bar.  
 
 
Figure 52.  Numeration Sequence revisions between M3:i2 (top row) and M3:i3 (bottom row). (1) Instructions 
are delivered a minimum of twice. (2) Incorrect Feedback for dividing the bar into equal pieces is retimed from 1 







 In Part 2, players took the five fractions they’ve created in Part 1 and put them in order 
from least to greatest (i.e., determining equivalency between the fractions).  For M3:i1 and 
M3:i2, students still did not show significant improvement for determining equivalency between 
fractions.  In all, Part 2 for M3:i3 underwent pedagogical revisions to assets, scaffolding and 
feedback.  Figure 54 diagrams the changes made from M3:i2 to M3:i3 for the Equivalency 
Sequence.  
For the equivalency sequence, all instructions were now delivered a minimum of twice.  
Previews of the fractions and full-bar displays lasted for 333 ms to give the player a sufficient 
glimpse (see Fei-Fei, Iyer, Koch, & Perona, 2007) of the magnitude of a fraction and its 
numerical referent.  Once receiving the additional instructions for comparing the bars, players 
ordered the previous 5 bars from Part 1 from least to greatest as they did in M3:i2.  Figure 55 
diagrams the changes made to the feedback provided for the ordering sequence between M3:i2 to 
M3:i3. 
The next two steps in Part 2, magnification and delineation, were not so much tests of 
knowledge as much as they are activities designed to reinforcing procedures for determining 
 
 
Figure 54.  Equivalency Sequence revisions to instructions between M3:i2 (top row) and M3:i3 (bottom row). 
(1) Previewing the fraction and (2) previewing the full bar iterates twice and timing was lengthened from .5 to a 







equivalency between fractions.  The magnification sequence was designed to focus learners 
attentions to the magnitude (i.e., height spanning the magnitude of the fraction (i.e., ascending 
from the bottom to top of the fraction).  In M3:i2, students in the deictic condition tapped the 
bottom of the fraction (i.e., the zero point along the base of the bar) and then tapped the top each 
fraction (i.e., the value of the fraction as the top of the bar).  Although students were tapping, 
their fingers were still traversing the same distances as iconic gestures, with the only difference 
being that the iconic gestures were in continual contact (i.e., constant haptic feedback) with the 
screen.  Thus, for M3:i3, the deictic gestures were truncated to single taps that only identify the 
target position (i.e., the height of each fraction) thereby eliminating the enactive motion between 
deictic gestures.  Figure 56 diagrams the changes made to the magnification sequence, 




Figure 55.  Ordering Sequence revisions to feedback between M3:i2 (top row) and M3:i3 (bottom row).  (1) 
Incorrect and Correct feedback appear at the same time.  In i2, this feedback remained on the screen for 
nearly 1 second.  This time has been reduced in i3 to .175ms.   (2) Correct feedback for ordering was 






Similarly, the delineation sequence, like magnitude, was also modified to emphasize the 
differences between the iconic and deictic gestures, with students using deictic gestures only 
tapping once (i.e., the target position on the vertical numberline that corresponded to the height 
of the fraction).  Additional revisions of assets and feedback are depicted in Figure 57.  
Foremost, the verifier (a type of vertical number line at the right of the screen) was redesigned to 
accentuate its function as a vertical number line by adding a 0 at the bottom and a 1 at the top.  
Lastly, as students completed the magnification and delineation sequences, the numeric value of 
the fraction would appear to help the player identify and compare the respective positions of 
each fraction.   
With these revisions in place, the research team was ready to conduct the final dissertation 







Figure 56.  The Magnification Sequence revisions between M3:i2 (top row) and M3:i3 (bottom row).  (1) The 
interior indicator lights for the 5 fractions were made different colors. (2) The two-part instructions for the 
deictic condition were consolidated into a single deictic gesture.  (3)  When players correctly magnify the 







1) Embodiment Hypothesis: Gestures with richer perceptual affordances (Black, Segal, Vitale 
and Fadjo, 2012) will help learners embody concepts for the learning of mathematics better 
than those with less, specifically by grounding real-world actions to the internal processes of 
our cognition and affect.   
a. Prediction #1 – An effect of Gesture such that Iconic Gestures will perform better than 
Deictic Gestures. 
2) Narrative Hypothesis: Narratives situate problem spaces by providing a context (via setting, 
characters and plot) for learners to engage in the construction of their own conceptual models. 
a. Prediction #2 – By situating learning in context, the Strong Narrative will produce higher 
levels of engagement and motivation in students and higher levels of learning compared 
to weak narratives.  
3) Interaction Hypothesis: Select combinations of narrative types (strong vs. weak) and gesture 
types (iconic vs. deictic) will create learning environments that are more efficient for instruction 
and conceptual development compared to other combinations.   
 
 
Figure 57.  The Delineation Sequence revisions between M3:i2 (top row) and M3:i3 (bottom row).  (1) The 
vertical verifier has been given a definitive start at 0 (bottom) and a stop at 1 (top).  (2) The deictic instruction has 
been consolidate to single target position gesture. (3) Players now receive feedback when they plug the top of each 
fraction into the verifier at the far right of the screen.  (4) The five fractions that were all the same color in M3:i2 






a. Prediction #3a – Iconic Gestures combined with Strong Narrative will perform better than 
Deictic Gestures with Strong Narrative or Iconic Gestures with Weak Narratives;   
b. Prediction #3b – Deictic Gestures combined with Weak Narratives will perform better 
than Deictic Gestures with Strong Narrative or Iconic Gestures with Weak narrative. 
4) Proficiency Hypothesis: Learners' existing proficiencies at fractions will moderate how they 
perform and learn from different environments created by the varying combinations of narratives 
and gestures.   
a. Prediction #4a –Lower proficiency students (measured by Pre-Test Scores) in the SI 
condition will perform better on post-test formative assessments than the lower 
proficiency students in the WD condition [Assessments, Tutor-Game Play] 
b. Prediction #4b – Higher proficiency Students (measured by Pre-Test Scores) in the WD 
condition will perform better on post-test formative assessments than higher proficiency 









Participants.  One hundred and forty-four third-grade students (N=144, x̄age = 8.81 yrs, 51.7% 
Female; 42.3% Hispanic; 30.5% African-American; 19.4% South-East Asian; 4.1% Caucasian; 
3.5% South Asian; 97.9 % free/reduced lunch) from afterschool programs in New York City 
were recruited for the study.  All students participating were consented by their parents and/or 
guardians and provided their own assent to participate per Teachers College Institutional Review 
Board protocol #12-531: Mobile Movement Mathematics (see Appendix KK).  Although 
initial enrollment included 36 students per group, 13 students did not complete the study due to a 
range of issues including voluntary attrition, behavioral dismissal, relocation and chronic 
absenteeism.  In total, one hundred thirty-one students completed the study (N=131, x̄age = 8.78 
years, 52.6% Female; 39.7% Hispanic; 32.8% African-American; 19.9% South-East Asian; 3.8% 
Caucasian; 3.8% South Asian (Indian); 97.7 % received free/reduced lunch).   
Method.  In a mixed methods randomized 2x2 factor experiment, students were randomly 
assigned to one level for each of the two independent variables: (1) gesture (iconic/enactive (I) 
vs. deictic/pointing (D)) and (2) narrative (Cyberchase/strong (S)) vs. weak (W), creating four 
experimental groups (1) SI (n = 35); (2) SD (n=27); (3) WI (n=34); (4) WD (n=35) (Table 7).  
Table 7. 
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Each student participated in three 1 1/2 hour sessions over the course of 3 weeks consisting of 
pre-tests using formal assessments, tutor-game play and motivational assessment, and post-tests 
using formal assessments (see Figure 58).  An additional sub-selection of students (n=16) 
participated in clinical interviews with researchers after all testing and tutor-game play had 
completed.  Extending the experiment over multiple weeks was advantageous for two reasons: 
(1) It minimized the likelihood of a recency effect (Baddeley & Hitch, 1993) between the pre and 
post parallel assessments; (2) the delay between pretest, intervention and post-test assessments 
increased the likelihood that evidence of improvement and long-term retention would be 
indicative of true learning. 
Materials.  
Formal Fractions Assessments: Direct.  The direct assessment was designed as a static analogue 
to the activities that students would perform in the tutor-game (i.e., dividing rectangular area 
models into fractions).  The assessments (parallel forms A & B) consisted of 31 Items (76 
points total) and is sub-divided into 4 skills: (1) denomination (33 points; 1 point for the correct 
number of divisions, 1 point for even-sized parts); (2) numeration (20 points; 1 point for 
selecting the correct number of parts); (3) estimation (1 point for approximating fractions on 







rectangular area model and/or vertical number line); (4) equivalency (7 points; 1 point for 
correctly ordering fractions)(see Appendices CC & DD).  Independent t-tests confirmed no 
differences on the direct assessments between versions A (x̄ = 30.85, SD = 13.11) and B (x̄ = 
29.13, SD = 1.84) t(130) = 1.726, p > .475. 
Formal Fractions Assessments: Transfer.  The transfer assessment was designed to test the same 
set of skills covered by the tutor-game, but using semiotic representations of sets (collection of 
objects), shape area models, word problems, number lines and numeric representations.  
Although the definition of transfer in education has undergone many permutations from Broudy 
(1977) to Lave (1988) to Detterman and Sternberg (1993) to Branford & Schwartz (1998), 
Lave’s (1988) focus on the relationships between structure and function and application in new 
contexts served as a standard for re-developing the transfer assessment.  Focusing on students 
replicating, applying and interpreting (Broudy, 1977; Schwartz, Bransford & Sears, 2005) 
fractions, it is an assessment that gauges “transfer in” the domain (Schwartz & Nasire, 2003) as 
they extended from the fracturing of objects in M3 to the different embodied metaphors of 
mathematics (e.g., collections (sets), distances (number lines), containers and unitization, Lakoff 
& Nuñéz, 2000).  The assessments (parallel forms A & B) consisted of 41 items (93 points total) 
and was sub-divided into 4 skills: (1) denomination (DEN - 39 points; 1 point for the correct 
number of divisions, 1 point for even-sized parts); (2) numeration (NUM - 26 points; 1 point for 
selecting the correct number of parts); (3) estimation (EST - 20 points; 1 point for approximating 
fractions on rectangular area model and/or vertical number line); (4) equivalency (EQ - 8 points; 
1 point for correctly ordering fractions) (Appendicies EE & FF).  Independent t-tests 
confirmed no differences on the transfer assessments between versions A (x̄ = 41.67, SD = 2.13) 






5-point Likert and Free Response Exit Survey.  Midway through the tutor-game play session, 
researchers had students take a 2-minute break to listen to three questions read orally addressing 
fun, learning and interest in the tutor-game using a five-point likert scale sheet to denote their 
responses.  After students concluded tutor-game play, a written exit survey (5-point likert 
questions (12 items) and free response questions (9 items)) was administered.  The 
questionnaire was designed to assess students’ dispositions along 4 factors: (1) students’ 
motivations for the game, fractions, mathematics, (2) students mindset (Dweck, 1986) towards 
their own capacities and self-efficacy towards their own effectiveness (Pintrick & Schunk, 1996), 
(3) engagement/enjoyment and (4) learning/interest. Soliciting students’ free responses was 
intended to provide both quantifiable and qualifiable evidence of their learning and dispositions. 
(see Appendix O). 
Mobile Mathematics Movement: Digital Tablet Tutor-Game.  The digital tablet tutor-game was 
designed for the iPad Air using the Unity programming environment.  It was designed as an 
all-inclusive intervention, including the manipulation of the independent variables (narrative x 
gesture), delivery of instruction, feedback and scaffolding.  Additionally, the backend of the 
game was designed to deliver user log data (i.e., telemetry data) to help researchers create 
profiles of students’ learning by tracking players’ time, accuracy/error, attempts and strategies 
during tutor-game play.  Tutor-game play was administered via iPad Air using Sony 
Headphones and each student received his/her own set to play.  
Post-Intervention Clinical Interviews.  Of the 131 students that completed the study, 16 clinical 
interviews conducted by the researchers were designed to serve as manipulation checks and 
provide additional forms of evidence to determine the impact of both gestures and narratives on 






~ Chapter 6 ~ 
Dissertation Results.  
Formal Fractions Assessments.  
In previous versions of this study, researchers did not find any difference between conditions for 
either the direct or transfer formative assessments, but did find that all students who played the 
tutor-game, regardless of condition, improved from pre-test to post-test on both the direct and 
transfer assessments.  Thus, before we analyzed the data for group differences, we first looked 
to determine that students were learning across all conditions as a result of playing M3.   
 
Within-Subjects.   
Direct and Transfer Assessments.  Paired samples t-tests (Post – Pre) within subjects showed 
significant improvement for all students on the direct (t(1,130) = 12.48, p < .001, d = 1.75) and 
transfer assessments (t(1,130) = 10.41, p < .001, d = 1.46), including sub-scores for numeration, 
denomination, estimation and equivalency (see Table 8, see Appendices C, D & E). 
Table 8 
   
Paired T-Tests of Direct and Transfer Assessments (Post-Pre) For All Conditions (n =131) 
  
    Measures  x̄PRE  [SD] x̄POST  [SD]    x̄DIFF  [SD] t(1,130)    Sig.  d 
  
1) Direct   .3952  [.181] .5712  [.185]    0.176  [.161] 12.48  .000 1.75 
2) Numeration  .5326  [.206] .6662  [.169]   0.134  [.196] 7.76   .000 0.92 
3) Denomination  .3228  [.125]  .6445 [.213]   0.322  [.199] 18.45   .000 2.08 
4) Estimation  .2512  [.176] .4154 [.236]   0.164  [.207] 9.056   .000 1.15 
5) Equivalency  .0426  [.108] .1457  [.227]   0.103  [.245] 4.823   .000 0.44 
 
6) Transfer  .4498  [.187] .5957  [.177]   0.149  [.160]  10.41 .000 1.46 
7) Numeration  .6011  [.200] .6947 [.175]   0.093  [.206]  5.192   .000 0.57 
8) Denomination  .3971  [.234] .5867  [.213]   0.189  [.207]  10.46 .000 1.43 
9) Estimation  .3448  [.192] .4154  [.236]   0.134  [.186]  8.263  .000 1.03 
10) Equivalency 1 .3391  [.163] .4264  [.177]   0.087  [.189]   5.27 .000 .587 
11) Equivalency 2     .2583 [.244] .3079  [.254]   0.049  [.325]  4.823 .083 .165 
   




After establishing that the tutor-game intervention was successful overall for promoting students’ 
learning of fractions, we next turned our attentions towards determining how the results 
addressed our first three hypotheses: (1) gesture (embodiment), (2) narrative (situated) and (3) 
efficiency (interaction) hypotheses.  This first series of analyses determined if M3:i3 produced 
differential learning amongst the four conditional groups (SI, SD, WI, WD) on the formative 
assessments using Univariate ANOVAs and means testing.  Within this first series, the first set 
of analyses looks at differences between groups on the Direct Assessment Total Difference (post 
– pre) scores followed by each of its four sub-scores (numeration, denomination, estimation and 
equivalency).  The second set of analyses looks at differences between groups on the Transfer 
Assessment Total Difference (post – pre) scores followed by each of its sub-scores.   
 
Between-Subjects: Direct Assessments.  
Direct Assessment Total Score.  ANOVA revealed a significant interaction between gesture and 
narrative on Direct Assessment Total Difference scores (post - pre), F(1,126) = 7.324, p < .008, 
d = .482, (1- β) = .766 (Figure 59; Appendix F).  ANCOVA (controlling for pre-test scores as 
a covariate) also showed a non-significant interaction between narrative and gesture F(1,127) = 
4.392, p < .034, d = .357, (1- β) = .548.  However, the current study focuses on difference 
scores since students may have existing fractions knowledge (i.e., a non-zeroed baseline) (Van 
Breukelen, 2006).  Table 2 provides the group, marginal and grand number of subjects, means 















Narrative   
Strong  Weak  Total 
 
n M SD 
 
n M SD 
 






Iconic 35 .208 .144 34 .129 .147 69 .169 .150 
Deictic 27 .143 .138  35 .215 .194  62 .184 .174 
 Total 62 .180 .144  69 .173 .177  131 .176 .161 
  
The significance of this interaction supports the both the narrative, gesture and interaction 
hypotheses that each can impact learning.  Since the interaction was significant, ay main effects 
of gesture or narrative were unclear.  Figure 59 clearly depicts the interaction and illustrates 
how students in the SI and WD groups showed significantly higher rates of learning across the 
M3:i3 intervention. T-tests for independence revealed differences between conditions for Direct 
Assessment Total Difference scores, with students in the Strong Iconic (SI) group (x̄pre = .208, SD 
= 0.143) scoring higher than students in Strong Deictic (SD) (x̄D = .143, SD = 0.138), t(60) = 1.79, 
p < .079, d = .451 and significantly higher than students in Weak Iconic (WI) (x̄D = .129, SD = 
0.147), t(67) = 2.25, p < .028, d = .526) while Weak Deictic (WI) (x̄D = .215, SD = 0.194) scored 
higher than SD, t(60) = 1.79, p < .107 and significantly higher than WI, t(67) = 2.069, p < .041, d 
=.486.  Preliminarily, this suggests that strong narrative combined with iconic gestures and 
deictic gestures combined with weak narrative provided a learning experience significantly more 
efficient than either the strong-deictic or weak-iconic pairings.   The next four analyses 





































































































Between-Subjects: Direct Numeration.  ANOVA (using difference scores) revealed a 
significant interaction between narrative and gesture (F = 5.281, p < .023, d = .408, (1- β) 
= .626) for Direct Assessment Numeration Difference scores (post – pre) (Figure 60; Appendix 
G).  Table 3 provides group, marginal and grand number of subjects, means and standard 
deviations.   
Table 10. 
 




Narrative   
Strong  Weak  Total 
 
n M SD 
 
n M SD 
 





 Conceptual 35 .106 .108 34 .046 108 69 .077 .111 
Deictic 27 .066 .108  35 .101 .142  62 .086 .128 
 Total 62 .089 .109  69 .074 .177  131 .081 .119 
  
 
Like the total score, the numeration scores showed the same type of interaction, 
reinforcing the differential impacts of both gesture and narrative through their significant 
interaction.  T-tests for independence revealed differences between conditions for Direct 
Assessment Numeration Difference scores, with students in the SI group (x̄pre = .106, SD = 0.107) 
scoring higher than students in SD (x̄D = .066, SD = 0.138), t(60) = 1.49, p < .144, d = .375 and 
significantly higher than students in WI (x̄D = .046, SD = 0.108), t(67) = 2.31, p < .024, d = .540.  
By way of the interaction, students in the WD condition (x̄D = .101, SD = 0.142) scored higher 
than students in SD condition, t(60) = 1.79, p < .107, d = .274 and significantly higher than WI, 



























































































Between-Subjects: Direct Denomination.  Amongst the direct assessment sub-scores, the 
denomination is of particular theoretical importance since denominating underlies the concept 
for fracturing objects via a splitting schema (Norton & Wilkins, 2009).  ANOVA on Direct 
Assessment Denomination Difference scores (post - pre) revealed a significant interaction 
between narrative and gesture F(1,130) = 7.382, p < .008, d = .482, (1- β) = .769 (Figure 61; 
Appendix H). T-tests for independence revealed differences between conditions for Direct 
Assessment Denomination Difference scores with students in the SI group (x̄pre = .422, SD = 
.259) scoring higher than students in SD (x̄D = .292, SD = 0.299), t(60) = 1.83 , p < .071, d = .461 
and significantly higher than students in WI (x̄D = .271, SD = 0.304), t(67) = 2.23, p < .029, d = 
.521.  By way of the interaction, students in the WD condition (x̄D = .434, SD = 0.359) scored 
higher than students in SD condition, t(60) = 1.67, p < .101, d = .420 and significantly higher than 
WI t(67) = 2.042, p < .045, d =.480.   Once again, the significant interaction highlighted that the 
SI and WD condition combinations are more efficient for student learning.   
       
                                      
Table 11. 





Strong  Weak  Total 
 
n M SD 
 
n M SD 
 






Iconic 35 .442 .260 34 .046 .304 69 .347 .290 
Deictic 27 .292 .299  35 .101 .359  62 .372 .339 





























































































Between-Subjects: Direct Estimation. As an indicator of mathematical achievement (Siegler & 
Booth, 2004), estimation is a key innate skill indicative of cognitive competency in mathematics 
(Dehaene, 1997; Feigenson, Dehaene S, Spelke, 2004) that has been liked to future successful 
mathematical skill acquisition (Feigenson, Libertus, Halberda, 2013).  ANOVA of Direct 
Assessment Estimation Difference scores revealed a near-significant interaction between 
narrative and gesture F(1,127) = 2.975, p < .087, d = .307, (1- β) = .402 (see Figure 62; 
Appendix I) 
 
Although independent t-tests didn’t show any significant differences between groups, the 
difference scores (post – pre) on students’ Direct Assessment Estimation Difference scores 
indicate that students in the WD group (x̄pre = .214, SD = .250) scored higher than students in SD 
(x̄D = .130, SD = 0.179), t(60) = -1.49, p < .142, d = .377, higher than students in WI (x̄D = .131, 
SD = 0.162), t(67) = -1.623, p < .102, d = .386, and higher than students in the SI condition (x̄D = 
.172, SD = 0.217), t(67) = -.75, p < .456, d = .179. 
Table 12. 




Narrative   
Strong  Weak  Total 
 
n M SD 
 
n M SD 
 





 Iconic 35 .172 .217 34 .131 .162 69 .152 .192 
Deictic 27 .130 .179  35 .214 .251  62 .177 .225 






















































































Between-Subjects: Direct Ordering/Equivalency. ANOVA revealed no significant differences 
between groups for the Direct Assessment Ordering/Equivalency Difference score. Table 5 
shows the subjects, means and standard deviations by conditions and Figure 63 depicts how the 
four conditions compared to one another.   
Between-Subjects: Transfer Assessments. 
 The efficiency hypothesis questions the possibility that different combinations of gesture 
and narrative might have produced versions of the tutor-game that are more efficient for learning.  
Since the design of the transfer assessments were intended to evaluate “transfer in” the domain, 
researchers predicted that the situated and embodied environment of the SI condition would 
demonstrate the greatest learning gains from pre- to post-test on the transfer assessment.  In 
effect, the combination of strong narrative and iconic gestures affords learners the benefits of a 
contextualized environment with enactive gestures that simulate the actions for fracturing an 
object and therefore might foster a conceptual model that aides in better transfer in the domain.   
 The following set of analyses evaluated student performances on the Transfer Assessment 
Total Difference scores by group followed by the subsequent analyses of the  
Table 13. 
 




Narrative   
Strong  Weak  Total 
 
n M SD 
 
n M SD 
 





 Iconic 35 .108 .215 34 .080 .220 69 .094 .217 
Deictic 27 .079 .178  35 .084 .224  62 .082 .203 




































































































sub-scores for the transfer assessments (numeration, denomination and estimation).   
Between-Subjects: Transfer Total.   ANOVA of Transfer Assessment Total Difference scores 
(post - pre) showed no statistically significant main effects or interaction between gesture and 
narrative, F(1,127) = 1.98, p < .162, d = .247, (1- β) = .287 (Figure 64; Appendix J).  However, 
a closer look at the means in Table 13 provides clearly quantifiable differences between the 
conditions that are also depicted in Figure 7, clearly showing the mean difference scores for each 
condition while there was no main effect of narrative or gesture, or their interaction, the SI 
condition did show greater improvement from pre to post than the SD, WI, WD conditions.  
In support of the interaction hypothesis, the combination of strong narrative and iconic 
gesture in the SI condition showed greater efficiency for learning than the other three groups. 
Independent t-tests of the Transfer Assessment Total Difference scores (post – pre) showed that 
students in the SI group (x̄pre = .194, SD = .147) scored higher than students in SD (x̄D = .125, SD 
= 0.132), t(60) = 1.939, p < .057, d = .485, higher than students in WI (x̄D = .125, SD =  
0.197), t(67) = 1.658, p < .102, d = .394, and higher than students in the WD condition (x̄D = .134, 
SD = 0.149), t(68) = 1.704, p < .093, d = .407.  A one-way contrast showed that the SI group 
Table 14. 
 




Narrative   
Strong  Weak  Total 
 
n M SD 
 
n M SD 
 





 Conceptual 35 .194 .147 34 .125 .198 69 .160 .176 
Deictic 27 .125 .132  35 .134 .149  62 .130 .141 


























































































performed significantly better than the other three groups t (127) = 2.107, SE = .095, p < .037.  
 
Between-Subjects: Transfer Numeration. ANOVA revealed no significant main effects of 
gesture and no interaction between gesture and narrative for Transfer Assessment Numeration 
Difference scores.  However, there was a substantive but a non-significant main effect of 
narrative, F(1,128) = 1.70, p < .195, d = .229, (1- β) = .254 (Figure 65; Appendix K & L). Table 
14 shows group, marginal and grand numbers of subjects, means and standard deviations. Like 
the group means for total difference scores, mean difference scores for numeration showed a 
similar pattern, with the SI condition showing greater increase from pre- to post SD, WI and WD 
conditions.  
While t-tests for independence of the difference scores (post – pre) were not significant between 
groups, again we see in Figure 8 the same pattern of results, with students in the SI group (x̄pre = 
.147, SD = .192) scoring higher than students in SD (x̄D = .084, SD = 0.180), t(60) = 1.296, p < 
.20, d = .330, higher than students in WI (x̄D = 0.07, SD = 0.246), t(67) = 1.272, p < .305, d = .394, 
and higher than students in the WD condition (x̄D = .061, SD = 0.194), t(68) = 1.857, p < .068, d =  
Table 15. 
 




Narrative   
Strong  Weak  Total 
 
n M SD 
 
n M SD 
 





 Iconic 35 .147 .192 34 .079 .198 69 .160 .176 
Deictic 27 .085 .180  35 .061 .149  62 .130 .141 


































































































.443.  A one-way contrast showed that the SI group performed better than the other three groups 
t (127) = 1.763, SE = .122, p < .080.  Detecting significant differences in transfer is often 
difficult, so the lack of statistical significance for the overall interaction should not overshadow 
the small to medium effect sized differences between the SI and the remaining 3 groups. 
 
Between-Subjects: Transfer Denomination. ANOVA of Transfer Assessment Denomination 
Difference scores showed no significant main effects of either narrative or gesture, and a 
non-significant interaction F(1,127) = 2.13, p < .147, d = .263, (1- β) = .254 (Figure 66; Appendix 
M).  Table 8 shows group, marginal and grand number of subjects, means and standard 
deviations that show mean difference scores show the similar patterns of differences between the 
SI group and the remaining SD, WI and WD conditions, although we also saw a similar pattern of 
possible interaction for denomination, echoing the significant interaction we found for 








Narrative   
Strong  Weak  Total 
 
n M SD 
 
n M SD 
 





 Iconic 35 .241 .193 34 .154 .244 69 .198 .222 
Deictic 27 .170 .175  35 .188 .205  62 .180 .191 
































































































Independent t-tests of the difference scores (post – pre) showed students in the SI group (x̄pre = 
.241, SD = .193) scored higher than students in SD (x̄D = .169, SD = 0.180), t(60) = 1.506, p < 
.137, d = .382, higher than students in WI (x̄D = 0.153, SD = 0.243), t(67) = 1.272, p < .101, d = 
.395, and higher than students in the WD condition (x̄D = .188, SD = 0.194), t(68) = 1.15, p < .269, 
d = .245.  A one-way contrast showed that the SI group performed better than the other three 
groups t (127) = 1.728, SE = .122, p < .086. 
 
Between-Subjects: Transfer Estimation. ANOVA of Transfer Assessment Estimation Difference 
scores revealed a non-significant main effect of gesture F(1,127) = 2.057, p < .095, d = .300, 
(1- β) .386 and a non-significant interaction between narrative and gesture F(1,130) = 2.057, p 
< .154, d = .255, (1- β) = .402 (Figure 67; Appendix N). 
Independent t-tests of the difference scores (post – pre) on students’ Transfer Assessment 
Estimation Difference scores showed students in the SI group (x̄pre = .185, SD = .205) scored 
higher than students in SD (x̄D = .083, SD = 0.158), t(60) =2.138, p < .037, d = .532 and higher 
than students in WD (x̄D = .126, SD = 0.173), t(68) = 1.308, p < .195, d = .312 (Figure 10).   
Table 17. 
 




Narrative   
Strong  Weak  Total 
 
n M SD 
 
n M SD 
 





 Iconic 35 .185 .205 34 .134 .197 69 .160 .201 
Deictic 27 .083 .158  35 .126 .173  62 .107 .167 


































































































A one-way contrast showed that the SI group performed better than the other three groups t (127) 
= 1.927, SE = .110, p < .056. 
 
Between-Subjects: Transfer Ordering/Equivalency.  ANOVA of Transfer Assessment 
Equivalency Difference scores showed no significant main effects or interaction between gesture 
and narrative.   
 
Telemetry Data.  The results in the previous section clearly showed a significant interaction 
between narrative and gesture on the direct assessment and intimated a possible influence of 
narrative (albeit not statistically significant) on the measures of transfer.  In all, the repeated 
significant interaction between narrative and gesture is strong evidence for the efficiency 
hypothesis.  The following series of analyses sought to clarify the differences between 
conditions and account for the variance in student outcomes by regressing the tutor-game log 
data, condition and students’ pre-test scores (controlling for its covariance) on the formative 
assessment post-test scores.  Determining which aspects of tutor-game play contributed to the 
pre-to-post changes in students’ formative assessments gave researchers a better understanding 
of the ways (i.e., the skills) that were impacted by gesture, narratives and or their interaction.  
Analyzing the log data also helped determine which metrics from tutor-game play performances 
best captured the contributions of each condition to students learning, especially since some 
effects of narrative and or gesture may be latent and not directly measureable.  The following 
two sections present evidence using path-modeling and hierarchical linear regression (HLR) to 






assessments.  In order to determine which telemetry variables (time, error, attempts, strategies, 
scaffolding) were predictive factors for student outcomes, we calculated a bivariate correlation 
matrix to begin the process of determining which variables to begin running models (see Baily, 
Siegler & Geary, 2014; Appendix II).  In some cases, individual variables were combined into 
features to create summative indices of student performance to keep the number of predictors in 
the models, ergo the degrees of freedom, from being excessive and depleting statistical power. 
In the next series of results, two sets of analysis of tutor-game play were found to 
significantly mediate student outcomes, on both the direct and transfer assessments.  This not 
only provided corroborative evidence for the efficiency hypothesis but it also helped clarify 
which aspects of M3:i3 seemed most affected.  Moreover, these results were precursors for 
subsequent analyses determining if students’ existing fractions knowledge moderated students’ 
performances in the game and on the formative assessments, in support of the proficiency 
hypothesis. 
 
Mediation with a Covariate Models.   
While the ANOVAs and t-tests of the previous 
sections looked specifically at difference scores in 
order to assess which conditions showed the most 
improvement from pre- to post, the next two series 
of analyses look principally at how students’ 
conditions and their tutor-game play mediated the 
variance in post-test scores while controlling for 
pre-test scores.  Figure 68 depicts the conceptual 
 
Figure 68. HLR regressing PreTest, Telemetry Data 
and Condition on PostTest scores. Direct Effect of X 
on Y; Indirect Effect of X on Y via MEi = (ai)(bi); 







path model used for the stepwise construction of the HLR equations predicting the variance in 
the assessment scores.  The model for the HLRs followed the rational that assessing the impact 
of a student’s conditional assignment comes only after having controlled for the influence of the 
pre-tests and game play.  In the diagram on the previous page, the path model depicts how the 
variance in dependent variable (Y, post-test assessment score) is accounted for by the 
independent variable (X, condition – SI, SD, WI, WD), while controlling for a covariate (COV, 
pre-test assessment score) and a mediator (ME, telemetry data).  
 
Direct Assessments. 
Direct Assessment Total Post-Test.  The first HLR regressed conditions, pre-test scores and 
tutor-game play on direct assessment total scores.  In this model, mediator variables included 
students’ Percent Absolute Error (PAE; Siegler, Thompson & Schneider, 2011) for estimation 
(averaged across all attempts) and denomination (average across all denominations).  Figures 
69 and 70 are examples of patterns in the log data that researchers used to investigate student 
performances from tutor-game play to inform selections of variables included or excluded from 
the model and how to build them into features for the path model and the HLR.   
Figure 69 shows students average errors across the entire curriculum for their first, 
second and third attempts at denominating fractions.  Within each attempt, it is clearly visible 
that students’ errors decreased as the denominated each part of the bar and eventually converged 
between conditions over the course of three attempts.  In effect, by the third cut of the second 
and third attempts, students were refining their accuracy (i.e., reducing the error in their 
responses).  Thus, we used this evidence as rationale for creating the feature Average 







Similarly, Figure 70 shows students Estimation PAE across the entire curriculum.  Notice that 
in the course of game play, the SD and WD conditions consistently committed less error than the 
SI and WI conditions.  This highlights two important points: (1) estimation error seemed to be 
higher in game play for the iconic gesture condition compared to the deictic condition, and (2) 
estimation error across the curriculum appears differentiated by condition.  In all, student 
performances on the task might be indicative of learning since estimating fractions implicitly 
requires a basic understanding of both denomination and numeration.  
 
 
Figure 69. Error rates by group across 1st, 2nd and 3rd attempts for denomination illustrate that students improve with 
each attempt and therefore it is important to include all three attempts in the denomination feature for the HLR 







Direct Assessment Total Post-Test Score.  The complete meditational covariate model (Model 3 
in Figure 11) significantly predicted the outcome of students Direct Assessment Post-Test scores 
R = .645, F(7, 4577) = 543.80, p < .001.  Table 18 shows the step-wise HLR and how the R2 
values change as predictors at each step are added to the model.  The covariate (Direct Pre-Test 
Assessment scores) significantly predicted a substantial amount of the variance in students’ 
outcomes, with post-test scores increasing as pre-test scores increased (B = .623, SEB = 0.012, β 
= .607, p < .001, 95% CI [.599, .646]).  With the covariance of pre-test controlled, tutor-game 
play predicted a significant amount of the variance in Direct Post-Test Assessment scores.  For 
the mediators, students’ Estimation PAE (averaged across all trials) increased as their post-test 
scores increased (B = .019, SEB = .004, β = .057, p < .001, 95% CI [.011, .026]) while students 
as Denomination PAE (averaged across all attempts across all trials) decreased as students’ 
 







post-test scores increased (B = -1.94, SEB = .244, β = -.091, p < .001, 95% CI [-2.41, -1.46]).   
 
It is important to note the inverse relationship between estimation error and denomination 
error.  At first, this result seems counter intuitive since one would speculate that students 
committing less error would be indicative of better performance and better understanding.  
However, results in the following analyses show the same pattern and possible reasons for this 
finding and its implications on learning are considered in the discussion.  After controlling for 
the pre-test and tutor-game play, the final step in the HLR evaluated condition (dummy coded 
into 3 comparison variables with WD as the 0 reference).  Results showed that students in the 
WD group scored higher on the Direct Assessment Total Post-Test scores assessment total score 
than the students in the SI (B = -2.16, SEB = 0.441, β = -.068, p < .001, 95% CI [-3.02, -1.29]), 
SD (B = -3.86, SEB = 0.470, β = -.111, p < .001, 95% CI [-4.78, -2.94]) and WI group (B = -6.18, 
SEB = 0.440, β = -.193, p < .001, 95% CI [-7.04, -5.32]) conditions.  This corroborated the 
Table 18.     
HLR regressing pre-test, telemetry data successes and condition on Direct Assessment Total 
Post-Test scores.  
      Model 0     Model 1       Model 2     Model 3 
Variable B SEB β B SEB β     B SEB β B SEB β 
PreTest COV 
(Total Score) 
   .629 .012 .613*   .611 .012 .596* .623  0.12 .607* 
Telemetry – 
(EstPAE) 
        .025 .004  .075*  .019  .004 .057* 
Telemetry – 
(AvgDenPAE) 
        -1.91 .249  -.090* -1.94  .244 -.091* 
Condition– D1 
SI=1, WD =0 
-5.14 .559 -.174*       -2.16  .441 -.068* 




       -3.86  .470 -.111* 




      -6.18  .440 -.193* 
R (R2)      .182 (.033)         .613 (.375)      .624 (.389)    .645 (.416) 
F (∆ R2 )        52.38 2758.22        51.31       69.89 
NOTE:  For Y= b0 + COV + CONDITION, R = .636, (R2 =.404), F(3,4580) = 74.366, p < .001 






initial univariate ANOVA results (see Figure 59), again, in support of the narrative, gesture and 
efficiency hypotheses.   
The following three analyses looked at the sub-scores of the Direct Assessment, 
highlighting similar findings.  However, note that the telemetry variables used as predictors in 
each model varied depending on the skill (i.e., numeration, denomination, estimation) measured 
by the sub-score.   
  
Direct Assessment: Numeration Sub-Score.  In this model, mediator variables included students’ 
Estimation PAE (averaged across all attempts) and 2nd-Attempts Denomination PAE (students 2nd 
attempts; across all denominations), students’ Estimation Time and Denomination Time (summed 
across all trials) as well as the number of Incorrect Numerations (i.e., selecting too few or too 
many parts; summed across all trials).  Although Denomination PAE (across all trials) was also 
run in the model (in lieu of 2nd Attempts), 2nd Attempts accounted for a larger proportion of the 
variance.  Referring to Figure 12, we can see that the 2nd attempt was the first trial indicative of 
a convergence towards reduced error that may be indicative of student learning. 
The complete model significantly predicted the outcome of students Direct Assessment 
Post-Test Numeration scores R = .511, F(9, 4575) = 179.51, p < .001.  Looking at the covariate 
(Direct Assessment Pre-Test Numeration), students’ scores significantly predicted a substantial 
amount of the variance in post-test scores with scores increasing as pre-test scores increased (B 
= .371, SEB = 0.011, β = .451, p < .001, 95% CI [.349, .392]).  With the covariance of pre-test 
controlled, tutor-game play significantly mediated the amount of the variance in post-test scores.  
The amount of Estimation Time students spent increased as students’ post-test scores increased 






Denomination Time students spent decreased as students’ post-test scores increased (B = -.389, 
SEB = .124, β = -.042, p < .002, 95% CI [-.632, -.146).  Similarly, students’ Estimation PAE 
increased as students post-test scores increased (B =.004, SEB = .001, β =.054, p < .001, 95% CI 
[.002, .006) and again, students’ Denomination PAE decreased as students’ post-test scores 
increased (B = -.744, SEB = .160, β = -.061, p < .001, 95% CI [-1.06, -.430]).  Again, we see 
the inverse relationship between estimation and denomination performance.  However, this 
model also showed that students spent more time estimating with greater estimation error while 
spending less time denominating and with less denomination error.  This suggests another type 
of efficiency such that if students with higher post-test scores committed more error and spent 
more time on that skill, then the estimation procedure itself appears to be brokering conceptual 
learning differently than denomination.  We explore this more in the discussion.   
Lastly, students’ Numeration Error (sum of the number of parts picked in error across the 
entire curriculum) decreased as students’ post-test scores increased (B = -.203, SEB = .055, β = 
-.047, p < .001, 95% CI [-.310, -.095]).  In the last step of the HLR assessing condition, 
students in the WD condition showed higher scores on the Direct Assessment Numeration 
Post-Test scores more than students in the SI (B = -.771, SEB = 0.120, β = -.101, p < .001, 95% 
CI [-1.01, -.537]), SD (B = -.622, SEB =0.127, β = -.075, p < .001, 95% CI [-.871, -.373]) and WI 
(B = -1.63, SEB = 0.119, β = -.212, p < .001, 95% CI [-1.86, -1.40]) groups (Table 19). Again, 
this corroborated the findings of the earlier univariate ANOVA and in support of the narrative, 








Direct Assessment: Denomination Sub-Score. In this model, mediator variables included 
students’ Estimation PAE (averaged across all attempts) and 2nd Attempt Denomination PAE 
(students 2nd attempts; across all denominations), students’ Estimation Time spent (summed 
across all trials) and the Incorrect Numerations (summed across all trials).   
 The complete model (3) significantly predicted the outcome of students Direct 
Assessment Denomination Post-Test scores R = .673, F(8, 4576) = 472.35, p < .001.  Looking at 
the covariate, students Direct Assessment Denomination Pre-Test scores significantly predicted a 
substantial amount of the variance in post-test scores, with post-test scores increasing as pre-test 
scores increased (B = .579, SEB = .010, β = .630, p < .001, 95% CI [.559, .600]).  With the 
covariance of pre-test controlled, tutor-game play predicted a significant amount of the variance 
 
Table 19. 
    
 
HLR regressing pre-test, telemetry data successes and condition on Direct Assessment Numeration 
Post-Test sub-scores.  
 Model 0 Model 1       Model 2 Model 3 
Variable B SEB β B SEB β B SEB β B SEB β 
PreTest COV 
(Numeration) 
   .381 .011 .463*   .370 .011 .451* .371  0.11 .451* 
Telemetry – 
(EstTime) 
        .605 .214  .037*  .581  .211 .035† 
Telemetry – 
(EstPAE) 
        .006 .001  .072*  .004 .001  .054* 
Telemetry – 
(DENTime) 
        -.406 .126  -.043* -.389  .124 -.042* 
Telemetry – 
(DEN2PAE) 
       -.733 .163 -.060* -.744 .160  -.061* 
Telemetry – 
(SumNumDff) 
       -.177 .056 -.041* -.203 .055  -.047† 
Condition– D1 
SI=1, WD =0 
-1.40 .134 -.184*       -.771  .120 -.101* 




       -.622  .127 -.075* 




      -1.63  .119 -.212* 
R (R2)      .203 (.041)         .463 (.214)      .480 (.230)     .511 (.261) 
F (∆ R2 )        65.76 1251.25        18.80       63.53 
NOTE:  For Y= b0 + COV + CONDITION, R = .497 (R2 =.247), F(3,4580) = 66.512, p < .001 






in post-test scores. Again, both the amount of Time students spent Denominating (B = -.248, SEB 
= .222, β = -.013, p < .002, 95% CI [-.683, .187) and Denomination PAE (B = -2.47, SEB = .287, 
β = -.098, p < .001, 95% CI [-3.03, -1.91]) decreased as students’ post-test scores increased 
while Estimating PAE increased as students post-test scores increased (B = .006, SEB = .002, β 
= .037, p < .001, 95% CI [.003, .010). Moreover, students’ Numeration Error (sum of the 
number of parts picked in error across the entire curriculum) decreased as students’ post-test 
scores increased (B = -.264, SEB = .099, β = -.030, p < .001, 95% CI [-.457, -.070]).  Here, we 
saw that increases in post-test scores are accounted for by decreases in students’ errors 
denominating and numerating errors in the tutor-game, even though those same students 
estimation errors increased.  As a 2nd-order skill (i.e., a combination of both numeration and 
denomination) estimation is a sufficient but not necessary skill.  Estimation is valuable because 
it demonstrates an implicit understanding of the relationship between the numerator and the 
denominator.   
By condition, students in the WD condition improved Direct Assessment Numeration 
Post-Test scores more than students in the SI (B = -.978, SEB = 0.212, β = -.062, p < .001, 95% 
CI [-1.39, -.562]), SD (B = -1.87, SEB = 0.227, β = -.108, p < .001, 95% CI [-2.32, -1.43]) and 








Direct Assessment: Estimation Sub-Score.  In this model, mediator variables included students’ 
Denomination Time (summed across all trials), students’ Estimation PAE (averaged across all 
attempts) and 2nd Attempt 1st Denomination PAE (students 1st denomination of their 2nd 
attempts).  Since estimation is an initial appraisal, in this model, denomination error was 
measured by students 1st denominations (i.e., 1st cuts) within their 2nd attempts under the premise 
that after an unsuccessful first attempt, student’s 2nd attempts were indicative of the adjustments 
(i.e., learning) they made (in denomination of parts) after their first attempts, and so their first cut 




    
HLR regressing pre-test, telemetry data successes and condition on Direct Assessment 
Denomination Post-Test sub-scores.  
 Model 0 Model 1       Model 2 Model 3 
Variable B SEB β B SEB β     B SEB β B SEB β 
PreTest COV 
(Denomination) 
   .588 .010 .639*   .573 .010 .624* .581  .010 .632* 
Telemetry – 
(EstPAE) 
        .009 .002  .055*  .006  .002 .037* 
Telemetry – 
(DEN2PAE) 
       -2.58 .286 -.102* -2.54  .279  -.101* 
Telemetry – 
(SumNumDiff) 
       -.198 .101 -.022* -.264 .099  -.030* 
Condition– D1 
SI=1, WD =0 
-2.20 .279 -.139*       -.978  .212 -.062* 




       -1.87  .227 -.108* 




      -3.20  .213 -.200* 
R (R2)        .181 (.033)         .639 (.408)      .650 (.423)     .673 (.453) 
F for ∆ R2         51.95 3168.88        37.97       80.77 
NOTE:  For Y= b0 + COV + CONDITION, R = .663 (R2=.440), F(3,4580) = 83.147, p < .001 






The complete model significantly predicted the outcome of students Direct Assessment 
Estimation Post-Test scores R = .555, F(7, 4577) = 291.58, p < .001.  Looking at the covariate, 
students Direct Assessment Estimation Pre-Test scores significantly predicted a substantial 
amount of the variance in post-test scores with post-test scores increasing as pre-test scores 
increased (B = .683, SEB = .017, β = .508, p < .001, 95% CI [.649, .717]).  With the covariance 
of pre-test controlled, tutor-game play predicted a significant amount of the variance in post-test 
scores.  Students Estimation PAE increased as students post-test scores increased (B = .007, 
SEB = .001, β = .075, p < .001, 95% CI [.005, .009) while students’ Denomination PAE 
decreased as students’ post-test scores increased (B = -.294, SEB = .090, β = -.040, p < .05, 95% 
CI [-.471, -1.117]) as well students’ Denomination Time that decreased as students’ post-test 
scores increased (B = -.663, SEB = .138, β = -.060, p < .001, 95% CI [-.934, -.392).   
By condition, students in the WD condition scored higher on the Direct Assessment 
Numeration Post-Test scores than students in the SI (B = -1.04, SEB = 0.137, β = -.115, p < .001, 
95% CI [-1.31, -.769]), SD (B = -1.11, SEB = 0.146, β = -.112, p < .001, 95% CI [-1.39, -.820]) 
and WI (B = -1.27, SEB = .137, β = -.139, p < .001, 95% CI [-1.54, -1.00]) conditions (Table 21). 
This validated the findings from the univariate ANOVA and means tests earlier, again 







Table 21.     
HLR regressing pre-test, telemetry data successes and condition on Direct Assessment Estimation 
Post-Test sub-scores.  
      Model 0      Model 1       Model 2     Model 3 
Variable B SEB Β     B SEB    β      B SEB β B SEB β 
PreTest COV 
(Estimation) 
   .709 .017 .527*   .682 .017 .507* .683  .017 .508* 
Telemetry – 
(EstPAE) 
        .009 .001  .092*  .007  .001 .075* 
Telemetry – 
(DEN2PAE) 
       -.674 .140 -.061* -.663  .138  -.060* 
Telemetry – 
(SumNumDiff) 
       -.299 .091 -.041* -.294 .090  -.040* 
Condition– D1 
SI=1, WD =0 
-2.20 .279 -.139*       -1.04  .137 -.115* 




       -1.11  .146 -.112* 




      -1.27  .137 -.139* 
R (R2)     .181 (.033)         .527 (.277)      .541 (.292)     .555 (.308) 
F for ∆ R2        51.95 1765.86        30.85       35.24 
NOTE:  For Y= b0 + COV + CONDITION, R = .545 (R2 = .297), F(3,4580) = 41.668, p < .001 
KEY: p < .05 ‡ p < .01 * p < .001 
 
Transfer Assessments. 
The hierarchical linear regressions for the transfer assessments utilized the same path model as 
those for the direct assessments (see Figure 11) in which condition, pre-test scores and 
tutor-game play were regressed on the dependent variable.  Re-iterating the earlier discussion 
on transfer, the transfer assessments were principally designed to evaluate students’ replication, 
application and interpretation (Broudy, 1977; Schwartz, Bransford & Sears, 2005) of core 
fractions concepts (i.e., denomination and numeration) “transferred in” (Schwartz & Nasire, 
2003) traditional fractions curriculum.  Consequently, we postulated that like the direct 
assessments, not only should the core competencies for denominating and numerating have 
predicted students’ scores and as a direct indicator of their ability to transfer those skills from the 
object fracturing pedagogy in the tutor-game, but also their ability to have transferred those skills 






word problems).  Moreover, if estimation, as a 2nd-order skill, requires more robust conceptual 
understanding, then it should underlie students’ abilities to transfer their knowledge, and 
therefore performances estimating should account for variance between groups.   
From the previous univariate ANOVA analyses, researchers suspected that the SI 
condition would score higher on transfer than the other groups.  As a result, the dummy coding 
for the conditions assigned SI to the reference group (i.e., 0).  For assessing transfer, new 
features were created as the mediator variables.  For example, denomination skills were 
assessed using a cumulative assessment of students’ denomination PAE across all attempts.  
Additionally, other features for the model were created using the number of attempts students 
needed to denominate and numerate successfully summed across the entirety of the curriculum in 
the tutor-game (as latent indices of learning and understanding).  In total, the models for 
assessing transfer used students’ overall performances numerating and denominating as 
indicators of students’ conceptualizations of fractions (i.e., learning) and their abilities to have 
transferred those skills on post-test assessments.   
 
Transfer Assessment: Total Score.  The complete model (3) significantly predicted the outcome 
of students Transfer Assessment Total Post-Test scores R = .632, F(8, 4576) = 379.80, p < .001.  
Looking at the covariate, students Transfer Assessment Total Pre-Test scores significantly 
predicted a substantial amount of the variance in post-test scores with post-test scores increasing 
as pre-test scores increased (B = .568, SEB = 0.011, β = .599, p < .001, 95% CI [.545, .590]).  
With the covariance of pre-test controlled, tutor-game play predicted a significant amount of the 
variance in direct post-test assessment scores.  Students Denomination PAE decreased as 






CI [-2.45, -.857).  Denomination Attempts decreased as students’ post-test numeration scores 
increased (B = -.650, SEB = .205, β = -.058, p < .002, 95% CI [-1.052, -.248) as did Numeration 
Attempts (B = -1.65, SEB = .463, β = -.041, p < .001, 95% CI [-2.57, -.740).  As anticipated, 
both numeration and denomination (core skills) were predictive of better transfer; yet, students’ 
Estimation PAE was not a significant contributor to the model. This is particularly interesting if 
finding since denomination and numeration are fundamental for formalizing the connection 
between estimation and fractions. 
 
By condition, students in the WD condition scored lower than students in SI condition on 
the Transfer Assessment Total Post-Test score than students in WD (B =-.673, SEB =.532, β 
= .018, p < .206, 95% CI [-1.01, -.537]) and significantly higher than students in the SD (B = 
-2.18, SEB =.564, β = -.054, p < .007, 95% CI [-3.29, -1.07]) and WI (B = -3.85, SEB = .525, β = 
-.103, p < .001, 95% CI [-4.88, -2.82]) groups (Table 22).  While this finding confirmed that SI 
Table 22. 
 
HLR regressing pre-test, telemetry data successes and condition on Transfer Assessment Total 
Post-Test scores.  
 Model 0       Model 1       Model 2      Model 3 
Variable B SEB β     B   SEB  β      B SEB β B SEB β 
PreTest COV 
(Transfer Total) 
   .582 .011 .613
* 
  .562 .011 .592* .568  .011 .599* 
Telemetry – 
(DENPAETotal) 
       -1.51 .408  -.061*  -1.65  .406 .066* 
Telemetry – 
(DENAttempts) 
       -.740 .206 -.059* -.650  .205  -.052* 
Telemetry – 
(NumAttempts) 
       -.152 .466 -.038* -1.65 .463  -.041‡ 
Condition– D1 
SD=1, SI =0 
2.10 .374 .096*       -2.18  .564 -.054* 
Condition – D2 
WI=1, SI=0 
-.254 .351 -.013        -3.85  .525 -.103* 
Condition – D1 
WD=1, SI=0 
4.44 .349 .222*       -.673  .532 -.018* 
R (R2)        .048 (.219)        .613 (.376)      .390 (.625)    .399 (.632) 
F for ∆ R2 )        77.75 2764.13        35.47       21.44 
NOTE:  For Y= b0 + COV + CONDITION, R = .620 (R2 =.385), F(3,4580) = 66.512, p < .001 






performed better than other groups, it also highlighted an important issue in the usage of 
difference scores versus post-test scores controlling for pre-test scores. 
If we look at back at Figure 64, we can see a clear difference between SI and the 
remaining groups.  While difference scores are good for assessing improvement from pre to 
post, difference scores tend to understate learning if a student scores high on the pre-test as well 
since a difference score will be low even though the student’s performance is high.  In the 
current model, by looking post-test scores while statistically controlling for pre-tests, we saw that 
the significant difference between the SI and WD group became non-significant.  The net effect 
of this was two fold: (1) it highlighted that the aforementioned advantage of the SI group with 
respect to transfer may not exist and (2) it reified the interaction between narrative and gesture 
from the direct assessment results by the commutative property between SI and WD and their 
now shared relation to SD and SD.   
 
Transfer Assessments: Numeration 
Sub-Score. Like numeration for the 
direct assessment, the mediator 
variables that significantly account 
for variance in the transfer 
assessment were a different set of 
telemetry measures.  Specifically, 
the Estimation Time and Denomination Time were once again predictive in addition to the 
Estimation PAE (all attempts) and Numeration Attempts and Denomination Attempts (as indices 
of learning and understanding).  Like the direct assessment model, Time and PAE were 
 
Figure 71. Residual plots showing the cubed transform of transfer 






significant predictors and error in estimation was inversely proportional to denomination, such 
that time and error denominating decreased while time and error estimating increased, post-test 
scores also increased.  Though linear regression does not require normality of the predictors, the 
residuals of the dependent variable should be to be normally distributed.  Though the results 
were significant, a look at the P-P plot of the dependent standardized residuals revealed 
substantial non-normal distribution.  Sigmoid functions, as they increase, tend to have slowed 
growth; this is characteristic of numeration where you see most errors at ± 1, with a precipitously 
declining probability of error the further you get from the targeted numeration quantity. Thus, we 
transformed the sigmoid shape of the DV using a cubic transform that increased the weight of 
each successive increase in error.  Also, since the scale of the outcome was transformed, it was 
important to use standardized coefficients in order to understand and interpret the impact of each 
predictor on students’ transfer assessment numeration scores. 
The complete model (3) significantly predicted the outcome of students Transfer 
Assessment Numeration Post-Test scores R = .375, F(8, 4576) = 83.07, p < .001.  Covariate 
(Direct Assessment Numeration Pre-Test) scores significantly predicted a substantial amount of 
the variance in post-test scores with post-test scores increasing as pre-test scores increased (B 
= .269, SEB = .013, β = .300, p < .001, 95% CI [.244, .294]).  With the covariance of pre-test 
controlled, tutor-game play predicted a significant amount of the variance in direct post-test 
assessment scores.  The Estimation Time students spent increased (B = 783.52, SEB = 239. 996, 
β = .045, p < .001, 95% CI [-313.01, 1254.03) as the Denomination Time decreased (B = 
-783.338, SEB = 150.99, β = -.079, p < .001, 95% CI [-1079.36, -487.31) as students’ post-test 
numeration scores increased.  Students Estimation PAE increased as post-test numeration scores 






Attempts (B = -245.62, SEB = 41.66, β = -.090, p < .007, 95% CI [-327.31, -163.93) and 
Numeration Attempts (B = -655.02, SEB = 119.26, β = -.076, p < .001, 95% CI [-888.82, -421.21) 
decreased as students post-test sub-scores increased.   Again, by condition, SI students scores 
on the transfer assessment post-test sub-score were non-significantly lower compared to the WD 
condition (B =45.88, SEB =138.51, β = .006, p < .740, 95% CI [-225.67, 317.43]) and WI (B 
=243.39, SEB =136.12, β = .030, p < .074, 95% CI [-23.469, 510.26]) while the SD condition 
showed higher scores on transfer post-test numeration sub-scores (B = 581.21, SEB = 144.88, β 
= .066, p < .001, 95% CI [252.20, 818.46]).  Interpreting these findings is difficult, perhaps due 
to the near ceiling effect of student performance numerating (i.e., lack of variability, ergo, the 
cubic transform).  In looking at what SD it is possible that there was something advantageous 
about the combination of deictic gestures with the strong narrative or this could be an artifact 
resulting from the transform.  Nonetheless, further investigation is needed.      
 
Transfer Assessments: Denomination Sub-Score.  The mediator variables for this model were 
Estimation PAE, Denomination PAE (across all attempts), Denomination Scaffolding (the 
number of instances a student required scaffolding (i.e., 3 unsuccessful attempts at a problem) 
Numeration Attempts (as an index of proficiency).  The complete model (3) significantly 
predicted the outcome of students direct assessment post-test numeration scores R = .622, F(8, 4576) 
= 358.70, p < .001.  Looking at the covariate, students direct pre-test numeration assessment 
scores significantly predicted a substantial amount of the variance in direct post-test 
denomination assessment scores with post-test scores increasing as pre-test scores increased (B 
= .547, SEB = .012, β =.563, p < .001, 95% CI [.524, .570]).  Controlling for the covariate, 






Students error estimating increased (B = .009, SEB = .002, β = .044, p < .001, 95% CI 
[.004, .014) and denominating error decreased (B = -.836, SEB = .211, β = -.062, p < .001, 95% 
CI [-1.25, -.422) as students’ post-test numeration scores increased, again, reaffirming the 
inverse relationship between estimation and denomination.  Incidents of students requiring 
denomination scaffolding decreased as post-test denomination scores increased (B = -1.20, SEB 
= .281, β = -.067, p < .001, 95% CI [-1.75, -.652) as did the number of attempts students made 
numerating (B = -.630, SEB = .252, β = -.029, p < .012, 95% CI [-1.12, -.136).  
 
By condition, SI students scores on the transfer assessment post-test denomination 
sub-score were significantly higher compared to the WI group (B = -2.041, SEB =.285, β = -.101, 
p < .001, 95% CI [-1.31, -.165]) and lower than the WD group (B =.737, SEB =.292, β = .037, p 
< .012, 95% CI [-23.469, 510.26]), and higher than the SD group (B = -.552, SEB =.306, β = 
Table 23. 
 
    
HLR regressing pre-test, telemetry data successes, condition on Transfer Assessment 
Denomination Post-Test sub-scores.  
     Model 0      Model 1       Model 2       Model 3 
Variable B SEB β    B SEB   β     B SEB β B SEB β 
PreTest COV 
(Transfer DEN) 
   .580 .012 .596*   .555 .012 .570* .547  .012  .563* 
Telemetry – 
(ESTPAE) 
        .011 .002 .054*  .009  .002 .044* 
Telemetry – 
(DENaPAETotal) 
       -.746 .213 -.056* -.836  .211  -.062* 
Telemetry – 
(DENScaffold) 
       -1.30 .284 -.073* -1.20 .281  -.067* 
Telemetry – 
(NUMAttempts) 
       -.518 .254 -.024† -.630 .252  -.029* 
Condition– D1 
SD=1, SI =0 
2.10 .374 .096*       -.552  .306 -.025 
Condition – D2 
WI=1, SI=0 
-.254 .351 -.013        -2.04  .285 -.101 
Condition – D1 
WD=1, SI=0 
4.44 .349 .222*       .737  .292 .037* 
R (R2)        .219 (.048)         .596(.355)      .611(.373)     .622 (.386) 
F (∆ R2 )        77.75 2525.41        32.21       34.11 
NOTE:  For Y= b0 + COV + CONDITION, R = .608 (R2 =.369), F(3,4580) = 34.243, p < .001 






-.025, p < .071, 95% CI [-1.15, .047]) (Table 23). 
Transfer Assessments: Estimation 
Sub-Score. The mediator variables 
for this model are the Estimation 
PAE (summed across all attempts), 
Denomination PAE (sum of the 
averaged totals across all attempts), 
and Re-Estimation PAE (sum of 
the averages across all attempts), Estimation Correct (the number of first attempt correct 
estimations) and Numeration Attempts (as an index of proficiency).  Initial regression on the 
transfer post-test numeration score revealed non-normality in the distribution of the standardized 
residuals, therefore the post-test transfer estimation sub-score and pre-test covariate were 
transformed by taking the cubed root of the square (i.e., 3√(x)2) for the HLR (see Figure 72).  
The complete model (3) significantly predicted the outcome of students Transfer 
Assessment Post-Test Estimation scores R = .517, F(9, 4575) = 185.21, p < .001.  Looking at the 
covariate, students Transfer Assessment Pre-Test Estimation scores significantly predicted a 
substantial amount of the variance in direct post-test numeration assessment scores with post-test 
scores increasing as pre-test scores increased (B = .534, SEB = .014, β =.501, p < .001, 95% CI 
[.506, .563]).  Controlling for the covariate, tutor-game play predicted a significant amount of 
the variance in transfer post-test estimation scores.  Once again, Estimation PAE decreased as 
transfer post-test estimation scores increased (B = -.018, SEB = .005, β = -.047, p < .001, 95% CI 
[-.027, -.008).  Inversely, Total Denomination PAE (B = -1.53, SEB = .312, β = -.064, p < .001, 
95% CI [-2.14, -.922) and Total Re-Estimation PAE decreased as students post-test scores 
 
Figure 72. Residual plots showing the cubed transform of transfer 






increased (B = -1.53, SEB = .312, β = -.064, p < .001, 95% CI [-2.14, -.922). Students’ Correct 
Estimations (getting it correct on their attempt) increased as post-test scores increased (B = 1.02, 
SEB = .493, β = .027, p < .001, 95% CI [.050, 1.98) while the Numeration Attempts students 
made numerating decreased (B = -.630, SEB = .252, β = -.029, p < .012, 95% CI [-1.12, -.136). 
Table 24. 
 
    
HLR regressing pre-test, telemetry data successes and condition on Transfer Assessment Estimation 
Post-Test sub-scores.  
 Model 0 Model 1       Model 2 Model 3 
Variable B SEB β B SEB β B SEB β B SEB β 
PreTest COV 
(Transfer EST) 
   .526 .014 .493*   .514 .014 .482* .534  .014 .501* 
Telemetry – 
(ESTPAE) 
       -.016 .005  -.044*  -.018  .005 -.047* 
Telemetry – 
(ESTCorrect) 
       1.11 .497  .029† 1.02  .493  .027† 
Telemetry – 
(NUMAttempts) 
       -1.04 .503 .027† -1.16 .499  -.030* 
Telemetry – 
(DENaPAETotal) 
       -1.57 .314 -.065* -1.53 .312  -.064* 
Telemetry – 
(RESTPAETotal) 
       -1.19 .408 -.038† -1.08 .405  -.035‡ 
Condition– D1 
SD=1, SI =0 
-.940 .158  .004       -5.09  .601 -.129* 




       -3.71  .557 -.102* 
Condition – D1 
WD=1, SI=0 
-.079 .147 .033       -2.78  .559 -.077* 
R (R2)      .071 (.005)         .493 (.243)       .504 (.254)     .517 (.267) 
F (∆ R2 )        7.94 1473.96        13.12       27.06 
NOTE:  For Y= b0 + COV + CONDITION, R = .508 (R2 =.258), F(3,4580) = 23.216, p < .001 
KEY: p < .05 ‡ p < .01 * p < .001 
 
By condition, SI students’ scores on the transfer assessment post-test estimation 
sub-score were significantly higher than the SD (B = -5.09, SEB =.601, β = -.129, p < .001, 95% 
CI [-6.26, -3.91]), WI group (B =-3.71, SEB =.557, β = -.102, p < .001, 95% CI [-4.80, -2.62]), 
and WD group (B = -2.78, SEB =.559, β = -.077, p < .001, 95% CI [-1.15, .047]).   
To reiterate, researchers specifically included estimation of fractions as a sufficient but 






its value as a gauge of students’ mathematical understanding and competence (Dehaene, 1992; 
2001; Feigenson, Dehaene, & Spelke, 2004; Siegler & Booth, 2004; Opfer & Siegler, 2007; 
Laski & Siegler, 2007; Moore & Ashcraft, 2015).  Over the course of the next series of analyses, 
student performances on estimation were reliably significant predictors of outcomes.  These 
analyses included not only Estimation PAE but also Estimation Correct (i.e., did the student 
estimate correctly on the first attempt?), which, unlike PAE, did not show an inverse relationship 
to students transfer sub-scores.  Rather, an increase in correct estimations corresponded to an 
increase in sub-scores. Student initial performances on estimation became especially relevant in 
the next series of analyses investigating the proficiency hypothesis.    
 
Moderated Mediation. 
Results in the previous set of analyses 
provided solid evidence for the 
efficiency hypothesis and provided a 
clearer understanding for the factors that 
impact student performance.  With 
strong evidence for the efficiency 
hypothesis, this section investigates the 
fourth and newly added proficiency 
hypothesis.  To refresh, the proficiency hypothesis questioned whether the impacts of the 
independent variables (narrative and gesture) and the mediators (tutor-game play) on the 
dependent variables (formative assessments) were moderated by learners existing knowledge of 
the domain (i.e., their proficiency, measure by formative assessment pre-test scores).  Figure 73 
 
Figure 73. Regression model PreTest, Telemetry Data and 
Condition on PostTest scores. Direct Effect of X on Y; 







depicts the moderated meditational model and provides a stepwise construction of the regression 
equation for predicting the variance in formative assessment total scores.   
Predictions for this model center in dynamic interplay between situated embodied 
learning and how its benefits for conceptual development vary between different types of 
learners.  In particular, we predicted that students who started with low level proficiency (i.e., 
low pre-test scores) would benefit more (i.e., have higher post-test scores) from the grounded 
embodied approach of the SI condition since it conforms to the theoretical groundings of 
mathematical experiences (Dehaene, 1997; Lakoff & Núñez, 2000), whereas students who 
started with high-level proficiency (i.e., high pre-test scores) would benefit (i.e., have higher 
post-test scores) from the abstractly situated and embodied approach of the WD condition.  
 
Direct Assessments: Total Score.  In Figure 74, 
we can see that there are two distinct slopes for the 
SI (R2 = .474) and WD (R2 = .183) conditions, 
indicating different trajectories between the two 
groups from Pre (x-axis) to Post (y-axis).  Initial 
visual inspection seems to indicate that students in 
the WD condition show better progress from pre to 
post with a higher y-intercept up unto where the 
two prediction lines cross, at which point, the SI group seems to perform better.  Mediators for 
the model were selected by using the significant mediators from the previous HLR model, which 
included Estimation PAE and Total Average Denomination PAE. Direct Assessment Pre-Test 
scores (i.e., pre-existing knowledge, proficiency), which served as a covariate in the previous 
Figure 74. Scatterplot of Pre-Test (X axis) and 






models, was entered as the moderator of both condition and students tutor-game play.  Taken 
together, these factors were then regressed on Direct Assessment Total Post-Test scores.   
Overall, the moderated meditational model showed that pre-test scores significantly 
moderated both condition and tutor game play.  Regressing each mediator as intermediary 
outcomes, Direct Pre-Test scores significantly predicted all three of the mediators: Estimation 
PAE, R = .133, F(3, 2446) = 14.76, p < .0001; B = .438, SEB = .120, t(2446) = 3.66, p < .001, 95% CI 
[.203, .673); Denomination Attempts, R = .184, F(3, 2446) = 28.50, p < .0001; B = -.018, SEB 
= .0026, t(2446) = -6.78, p < .001, 95% CI [-.023, -.013); Total Denomination Average PAE, R 
= .192, F(3, 2446) = 31.10, p < .0001; B = -.010, SEB = .0014, t(2446) = -7.25, p < .001, 95% CI 
[-.013, -.007), but only Estimation PAE was significantly moderated by the interaction between 
condition (dummy coded SI = 1, WD = 0) and pre-test scores (B = -.447, SEB = .187, p < .02, 95% 
CI [-.804, -.091).  
 
Next the model regressed condition and tutor-game play on Direct Post-Test Scores (R 
= .631, F(6, 2443) = 268.61, p < .0001), with tutor-game play (Estimation PAE and Denomination 
PAE) as mediators in the model with Condition moderated by Direct Assessment Pre-Test Scores  
Table 25. 
 
Moderated Mediation of Direct Post-Test Score  
 
         95% 
Factor B SE   t  p-value LB UB 
Constant 37.05 .926 39.98 .0000 35.24 38.87 
Estimation PAE  .022 .0019 11.19 .0000 .018 .0254 
Avg. Denomination PAE -3.18 .423 -7.51 .0000 -4.02 -2.35 
Condition (SI vs. WD) -14.18 1.18 -11.32 .0000 -16.51 -11.86 
Pre-Test (Direct) .371 .024 15.32 .0000 .324 .4189 
Condition*Pre-Test .423 .034 12.39 .0000 .356 .4904 






(i.e., the interaction term of Condition*Pre-Test).  These predictors were significant contributors 
to the model accounting for students’ Direct Assessment Post-Test scores (Table 24). 
In this evaluation of the proficiency hypothesis, student performances both in the game 
and on the formal post-test assessment were significantly moderated by existing proficiency with 
fractions (Direct Pre-Test).  Figure 75 shows the moderated mediation of formative assessment 
scores by the interaction between condition and existing fractions proficiency.  Scores on the 
pre-test are stratified by percentiles along the x-axis (10th, 25th, 50th, 75th, 90th %), and values on 
the y-axis are the weights of the B coefficients for changes in Direct Assessment Post-Test scores.  
Coefficient values below the zero line on the y-axis indicate that the WD group did better on the 
post-test at that percentile and coefficient values above the zero line indicate that students in the 
 Figure 75. Students in the WD condition performed when their existing fractions knowledge was lower or at 







SI group did better.  What we see is that students whose pre-test scores were in the 10th 
percentile (pre-test X=11.50; B = -9.32, SEB = .832, t(2443) = -11.20, p < .0001, 95% CI [-10.95, 
-7.68]), the 25th percentile (pre-test X=16.50; B = -7.20, SEB = .693, t(2443) = -10.389, p < .0001, 
95% CI [-8.55, -5.8  3]) and with pre-test scores at the mean 50th percentile (x̄D = 25.00; B= 
-3.60, SEB = .503, t(2443) = -7.15, p < .0001, 95% CI [-4.59, -2.61]) scored higher in the WD 
condition compared to the SI condition.  Conversely, students’ in the SI group at the 75th 
(X=37.50; B = 1.69, SEB = .475, t(2443) = 3.56, p < .0005, 95% CI [.761, 2.63]) and 90th (46.00; B 
= 5.29, SEB = .645, t(2443) = 8.21, p < .0001, 95% CI [4.03, 6.56]) scored higher on post-tests 
than students in the WD condition.  
 
Transfer Assessments: Total Score.  In Figure 76, 
two distinct slopes for the SI (R2 = .495) and WD (R2 
= .377) conditions again indicated different 
trajectories from Pre to Post. For transfer 
assessments, the preliminary visual inspection 
indicated a relatively small difference between the SI 
and WD groups.  Students in the WD condition 
show better progress from pre to post with a larger 
y-intercept up to where the two prediction lines cross, 
at which point, the SI group seems to perform better.  Mediators for the model were selected by 
using the significant mediators from the previous HLR model for transfer total scores, which 
included Estimation PAE and Total Average Denomination PAE in the final model. Transfer 
Assessment Pre-Test scores (i.e., pre-existing knowledge, proficiency) was included as the 
Figure 76. Scatterplot of Pre-Test (X axis) and 
Post-Test (Y Axis) Transfer Assessment scores 






moderator of both condition and students tutor-game play.  Taken together, these factors were 
then regressed on Transfer Assessment Total Post-Test scores.   
Overall, the moderated meditational model showed that pre-test scores significantly 
moderated both condition and tutor game play.  Regressing each mediator as intermediary  
outcomes, Transfer Assessment Total Pre-Test scores significantly predicted the mediators:  
Estimation PAE, R = .188, F(3, 2446) = 33.48, p < .0001; B = .761, SEB = .137, t(2446) = 5.56, p 
< .0001, 95% CI [.492, 1.028); Total Denomination Average PAE, R = .178, F(3, 2446) = 25.42, p 
< .0001; B = -.0085, SEB = .0012, t(2446) = -6.96, p < .0001, 95% CI [-.011, -.0051).  However, 
like the direct assessment, only Estimation PAE was significantly moderated by the interaction 
between condition (dummy coded SI = 1, WD = 0) and pre-test scores (B = -.7651, SEB = .137, p 
< .0001, 95% CI [-1.033, -.497). 
The next phase of the model regressed condition and tutor-game play on the dependent 
variable (Transfer Assessment Total Post-Test Score) R = .691, F(6, 2440) = 630.47, p < .0001, 
with the mediation by Estimation PAE and Denomination PAE included and the moderation of 
Condition by Transfer Assessment Pre-Test Scores represented by the interaction term of 
Condition*Pre-Test.  These predictors were significant contributors to the model accounting for 
Table 26. 
 
Moderated Mediation of Transfer Post-Test Score  
 
         95% 
Factor B SE   t  p-value LB UB 
Constant 36.89 1.082 34.07 .0000 34.77 39.42 
Estimation PAE  .009 .001 5.60 .0000 .0068 .011 
Avg. Denomination PAE -2.41 .409 -5.90 .0000 -3.22 -1.62 
Condition (SI vs. WD) -6.74 1.33 -5.06 .0000 -9.35 -4.13 
Pre-Test (Direct) .503 .018 27.55 .0000 .467 .538 
Condition*Pre-Test .193 .027 7.06 .0000 .139 .247 







students’ Transfer Assessment Total Post-Test scores (see Table 25).    
 Student performances both in the tutor-game and on the formal post-test assessment 
were significantly moderated by students’ existing proficiency with fractions (Direct Pre-Test) in 
support of the proficiency hypothesis.  Figure 77 shows the moderated mediation of formative 
assessment scores by the interaction between condition and existing fractions proficiency.  
Scores on the pre-test are stratified by percentiles along the x-axis (10th, 25th, 50th, 75th, 90th %), 
and values on the y-axis are the weights of the B coefficients for changes in Transfer Assessment 
Post-Test scores.  Coefficient values below the zero line on the y-axis indicate that the WD 
group did better on the post-test at that percentile and coefficient values above the zero line 
indicate that students in the SI group did better.   
Figure 77. Students in the WD condition performed when their existing fractions knowledge was lower or at 







Students with pre-test scores were in the 10th percentile (pre-test X=16.50; B = -3.55, SEB 
= .934, t(2443) = -3.80, p < .0001, 95% CI [-5.38, -1.72]) and 25th percentile (pre-test X=23.00; B 
= -2.30, SEB = .795, t(2443) = -2.90, p < .0001, 95% CI [-3.86, -.74]) scored higher in the WD 
condition compared to the SI condition.  Conversely, students’ in the SI group with pre-test 
scores effectively just below the mean and at the mean (x̄D = 40.50; B = 1.08, SEB = .539, t(2443) 
= -2.00, p < .045, 95% CI [0.019, 2.13]), at the 75th (X=56.00; B = 4.07, SEB = .610, t(2443) = 
6.68, p < .0001, 95% CI [2.87, 5.26]) and 90th (63.00; B = 5.42, SEB = .725, t(2443) = 7.47, p 
< .0001, 95% CI [4.00, 6.84]) scored higher than students in the WD condition.   
From the proficiency hypothesis, we predicted that the strong narrative condition, 
embedded with iconic gestures, would be more beneficial to novices while weak narratives 
embedded with deictic gestures would benefit with more fractions knowledge, the results of 
these two analyses revealed the opposite effect.  Although this finding seems counter-intuitive, 
there is existing evidence supporting the idea that early learning of math is best taught abstractly 
(Kaminski, Sloutsky and Heckler, 2008).  These findings supported the proficiency hypothesis, 
but in the opposite direction than originally predicted, which has interesting, unanticipated and 
important implications that are addressed in the discussion.    
In addition to the sources of strictly quantitative data, researchers also collected data to 
evaluate student learning qualitatively.  The next two sections present data designed to evaluate 
more latent factors not directly evidenced by time, error rates, attempts from the log data or pre 
and post-test scores from the formative assessments.   
 
Exit Survey: Likert-Assessment Data.  The exit survey was designed to investigate the 






self-efficacy, learning and interest (see Appendix GG).  From the original hypothesis, strong 
and weak narratives were predicted to impact gameplay differentially.  Ideally, the strong 
narrative would situate students experience such that they describe the fractions activities in 
using details of the game (e.g., the villain, Hacker; the PA agent, Fluff; the plot, activate the 
HERObots). Though this instrument was originally designed to investigate the narrative and 
gesture hypotheses, and possibly the interaction hypothesis, the measurement tool revealed no 
significant differences between any of the groups.  Nonetheless, the following data analysis is 
presented as an evaluation of the exit-survey as an instrument for measuring all students’ 
dispositions.  It showed that for all students, self-perceptions of their own learning and 
enjoyment of the game did significantly account for learning from pre to post on the formative 
assessments. 
As a previously non-validated instrument, the 15 5-point likert items were evaluated through 
a combination of Exploratory Factor Analysis (EFA) and Structural Equation Modeling (SEM), 
Exploratory Structural Equation Modeling (ESEM) was employed, using M-Plus 7.4 analytic 
software.  The initial EFA verified four latent constructs while the subsequent ESEM 
determined if the latent constructs loaded on the two student outcomes measures (direct and 
transfer formative assessments). The basic ESEM model (Figure 25) is predicated by the 
following assumptions: 
• The students’ responses to the 5-point likert survey measured (1) motivation/interest,  
(2) engagement/enjoyment, (3) mindset/self-efficacy and (4) learning/interest  by 15 
items which loaded on four factors (see Appendix O).  
• Outcomes measured by the using students formal assessment scores on the direct 






• The four aforementioned latent constructs (factors) help explain final grade.  
• The model allows for measurement error (E).2  
 
 
 Exploratory Factory Analysis.  In determining whether the survey items could be explained by 
a set of underlying factors (i.e., do they map onto the four latent constructs: (1) motivation, (2) 
mindset/self-efficacy, (3) engagement/enjoyment and (4) learning/interest), the EFA results 
showed that a four-factor model best fits the survey responses, χ2(41) = 50.002, p = .1582 (p > .05), 
                                                
 
2 EFA is one type of latent structure analysis. Unlike most regression, latent structure analysis does not assume that 
each data point is collected without error. Instead, it accounts for measurement errors in the observed variables (i.e., 




   
 
  
Fit Indicies for a 4-Factor EFA Model of Survey Responses 
   df  χ2   p RMSEA SRMR 90% C.I. CFI   TLI Cronbach’s α 
M (4-factor) 41 50.41 .1582   .041  .036 .000 - .076 .983   .963   .799 
 







RMSEA = .041 (90% CI .000-.076), CFI = .983, TLI = .963, SRMR = .036, Chronbach’s α = .799 
(α = .80; Traub, 1994) (see Table 26).  
 
Exploratory Structural Equation Modeling.  Having validated the instrument as loading on the 
four latent constructs, the next step combined the exploratory factor analysis and structural 
equation modeling into exploratory structural equation modeling (ESEM) to examine whether 
the loadings for the four latent factors accounted for any other variance in student scores for the 
direct and transfer assessments. 
 
Direct assessment:  The ESEM model examined whether the four latent factors (Table 27) are 
correlated with the Direct Assessment Total Post-Test scores while controlling for pre-test scores.  
Results showed that the model is a good fit of the data, χ2(77) = 108.912, p = .0098 (p < .05), 
RMSEA = .056 (90% CI .029-.079), CFI = .949, TLI = .909, SRMR = .053.3  
In terms of the estimated relationship between each of the factors and student scores, it 
was found that Factor 4 was negatively correlated with the scores, and significant (γ14 = -.318, p 
= .014, p < .05). Three items in particular loaded positively on Factor 4: FRACTDIFF (“Creating 
the fractions was difficult.”) (λ115 = .324, p = .029, p < .05), LEARNFRACT (“Playing this game 
                                                
 





Loadings on Each Factor on the Direct Assessment in the 4-Factor Model  
 Estimate Std. Error Z Score p-value 
F1 0.093 0.096 0.963 0.335 
F2 -0.010 0.122 -0.086 0.932 
F3 0.121 0.108 1.121 0.262 







helped me understand fractions better.”) (λ111 = .712, p = .018, p < .05), and CARE (“I care about 
what is happening in the game.”) (λ14 = .488, p = .007, p < .05).  Factor 4 could represent student 
Learning & Interest.    
The R-squared information shows that, overall, this model explains nearly 43 percent (R2 = .428, 
SE = .069,  < .0001) of the total variance in the students’ Direct Assessment Total Post-Test 
scores.  
 
Transfer assessment:  Prior to running the model, the item ORDDIFF (“Putting the fractions in 
order from smallest to largest was difficult”) was removed from the analysis on the grounds that 
students’ successes in the equivalency portion of the tutor-game (Part B; across all groups) 
showed minimal improvement and clinical interviews confirmed that on the whole, students 
underlying conceptions for the factors (predominated by whole-number bias, (Gelman & 
Williams, 1998; Stafylidou & Vosniadou, 2004; Ni et al., 2005; Vosniadou, 2007; Schneider et 
al., 2010).  
The ESEM model examines whether the four latent factors (Table 28) are correlated with 
the post-test game scores for the transfer assessment, while controlling for students pre-test 
scores into consideration.  The results showed that the model is again a good fit of the data, 
χ2(65) = 89.852, p = .0223 (p < .05), RMSEA = .054 (90% CI .021-.080), CFI = .958, TLI = .922, 
SRMR = .048.4 
                                                
 
4 Note that although the model terminates normally, there is again a warning message that points to potential issues 






 In estimating the relationship between the 4 latent factors and student scores, like the 
analysis on the direct assessments, Factor 4 was negatively correlated with the students’ Transfer 
Post-Test Total scores and significant (γ14 = -.377, p = .006, p < .01).  In particular, five items 
load positively on Factor 4 (Learning & Interest): LIKEMAT (“I like math”) (λ11 = .404, p = .004, 
p < .01), FRACTDIFF (“Creating the fractions was difficult.”) (λ14 = .409, p = .002, p < .01), 
LEARNFRACT (“Playing this game helped me understand fractions better.”) (λ111 = .545, p = .004, 
p < .01), LEARNMATH (“Playing this game makes me feel like I can learn math”) (λ114 = .329, p 
= .049, p < .05), and CARE (“I care about what is happening in the game.”) (λ115 = .424, p = .013, p 
< .05).  These findings suggest that those who scored higher on these items tend to have lower 
post-test game scores, after controlling for their pre-test scores; similar but broader than the 
loadings on Factor 4 for the direct assessment.  In addition, it should also be noted that there is 
limited evidence that Factor 3 (Enjoyment & Engagement) had a positive relationship with the 
student scores (γ13 = .248, p = .056, p < .10).  Four particular items load positively: 
ENJOYPLAY (“I enjoyed playing this game”) (λ31 = .664, p = .000, p < .001), PLAYMORE (“I 
would like to play more challenging levels of this game”) (λ81 = .300, p = .007, p < .01), LIKEGAME 
(“I liked this game”) (λ111 = .866, p = .000, p < .001), and FUN (“I am having fun playing this game”) 
(λ131 = .752, p = .000, p < .001). The findings suggest that those who enjoyed and liked the game 
and would like to play it more tended to have higher post-test scores, after controlling for their 
Table 29 
 
Loadings on Each Factor on the Transfer Assessment in the 4-Factor Model  
 Estimate Std. Error Z Score p-value 
F1 0.137 0.129 1.062 0.288 
F2 0.062 0.043 1.456 0.145 
F3 0.248 0.130 1.911 0.056 







pre-test scores.  
The R-squared information shows that, overall, this model explains nearly one-third (R2 
= .316 percent, SE = .088, p < .0001) of the total variance in the students’ Transfer Assessment 
Total Post-Test scores.  
 









~ Chapter 7 ~ 
Dissertation M3scussion,  
M3mitations, 
M3ture M3search.  
 
Discussion 
The Gesture, Narrative & Interactions Hypotheses.  The significant interaction between gesture 
and narrative on the direct assessment of the M3 curriculum (i.e., problem types, problem sets, 
activities) has important implications for pedagogy, design and development.  Students in the SI 
condition that combined iconic gestures with a strong narrative (SI) and students in the WD 
condition that combined deictic gestures with a weak narrative (WD) both showed significantly 
greater improvement over the course of the intervention.  In terms of the original embodiment 
hypothesis that predicted iconic gestures (i.e., enactive analogues of the processes of splitting 
objects) would produce better learning than deictic gestures (i.e., 2nd-order identifiers that ground 
the locations of magnitudes but do not enact the processes), the current study found no main 
effect of gesture.  In terms of the original narrative hypothesis that predicted a strong narrative 
(i.e., setting, characters and plot) would situate students in an environment that would 
contextualize their learning and foster their motivation and engagement better than the weak 
narrative (i.e., no discernable setting, characters or plot), the study found no main effect of 
narrative.  Thus, the following discussions focus on the significant learning for both the SI and 
WD conditions and the possible explanations for how the significant interaction between 
narrative and gesture impacted students learning. 
From the preliminary ANOVAs of students’ performances on the direct assessments, 






though not significantly different from one another, but still in support of the interaction 
hypothesis.  The presence of an interaction, and the fact that students in the WD group 
performed just as well as the students in the SI group on the direct assessment, calls into question 
our original theoretical assumptions that the development of core fractions knowledge would 
show the highest levels of learning if it were situated in a narrative and embodied by iconically 
enactive gestures to simulate a rich perceptual experience (Black et al., 2012).  
From the preliminary ANOVAs of students’ performances on the transfer assessment (i.e., 
new rectangular area model problems and new representations of fractions as object collections, 
polygon area models, number lines, containers and unitization) and planned post-hoc 
comparisons (pair-wise and contrast), students in the SI showed significantly greater 
improvement (pre-post) than the SD, WI or WD condition.  As with the direct assessment, there 
were no significant main effects of narrative or gestures, but a significant interaction between the 
two.  This finding supports the interaction hypothesis that the situated embodied experience 
would produce the best learning.  We now turn to the follow-up analyses that used back-end log 
data from the tutor-game to clarify the nature of the interaction and possible contributing factors. 
 
Mining for Pedagogy.  In addition to the formal assessments, M3’s extensive back-end log of 
data tracked students’ progress and performances over the course of the 7-level curriculum.  
Researchers used this data to determine which features (time, accuracy, attempts, errors, 
scaffolding, hints) from students’ estimations, denominations, numerations, re-estimations, 
orderings, magnifications and verifications were predictive of students’ performances on the 
formal assessments.  The HLR on students direct assessment total scores showed that students 






supporting the position that the act of splitting objects is central to learning fractions (Steffe, 
2004; Norton & Wilkins, 2009) and that students’ accuracies estimating (approximating via the 
ANS/AMS; Feigenson, Dehaene, Spelke, 2004) fractional magnitude is the predictive of 
mathematical understanding.  Moreover, it is important to point out that the process of 
denominating is actually an estimation of the unit fraction (see Wantabe, 2006).   
The HLR on students transfer assessment total scores showed that students accuracy 
denominating, numerating and estimating significantly predicted students’ learning.  For 
transferring their fraction knowledge to new representations (included sets, ratios and 
proportions), it is logical that all the skills from part A (estimation, numeration and denomination) 
of the tutor-game were predictive of students learning.  Moreover, it seems to suggest that the 
procedural and conceptual knowledge that players were developing was robust enough to prepare 
them for future learning (PFL, Bransford & Schwartz, 1998) of new representations and new 
domains for fraction.  Moreover, it verifies that performance in estimation is a reliable index of 
students’ abilities to transfer their knowledge and skills to other representations of fractions.   
 
The Efficiency Principle.  Although the initial hypotheses predicted the superlative 
performances by the SI condition for both assessments, experimenters’ observations of students’ 
tutor-game play during studies 1 and 2 led researchers to speculate that there was something 
about the minimalist design in the WD version of M3 (combining deictic gestures with weak 
narrative) created an efficient environment that made fractions concepts salient to the learner.  
From a design-perspective, this interaction is evidence for an efficiency principle.  Schwartz, 
Bransford and Sears (2005) note that efficiency often means rapid retrieval with accurate 






a problem. As students proficiency improved, the version of m3 that embedded enactive iconic 
gestures in a strong, contextualized narrative proved better for learning the curriculum as well as 
for transfer.  The learning gains in the 
condition that combined deictic gestures with 
an abstractly decontextualized weak narrative 
suggests that when developers are creating 
learning platforms, they should adjust the 
gestural mechanics and interactivity in order to 
create a gestural congruency (Segal, et al., 
2014) with the level of narrative realism 
(similar to narrative reality – see Grodal, 2000; 
Jansz, 2005).  As an overarching construct, this balance between the rules that govern the 
gaming experience (e.g., gestures) and their relevance to the situated environment (e.g., the 
interactive narrative) is articulated as simulational realism by Ribbons and Malliet (2010) .   
Figure 79 is a model for learning platforms that depicts the relationships between the 
environment (e.g., digital-tablet), the interactivity (e.g., gestures and narrative) and the 
curriculum (e.g., fractions).  Offline, Schwartz and Martin (2005) studied 9/10 year-old 
children’s abilities for determining fractional magnitude using sets of objects that varied by 
arrangement, manipulability and context.  Like the findings in M3, they found that students 
who manipulated objects under a storied context (i.e., fair sharing) did better than students who 
operated strictly under a numerical context.  Moreover, they found that students without the 
story did not benefit from the pieces being pre-arranged into partitions and speculated that 
affording the students the ability to manipulate the objects in a context helped them construct a 
 
 






more complete model of the problem space.  In their discussion on physically distributed 
learning (PDL), they note that the adaptability of the environment differentiated how students 
interpreted the problems.  This could explain the evidence for the significant learning in both 
the SI and WD environments. 
 
The Proficiency Principal: Abstract or concrete representations in or out of narrative contexts. 
During the intervention, researchers would convene at the end of each day to discuss their 
observations, organize and encode the data and prepare for the following day’s research.  
During these discussions, a popular thread emerged regarding the suspicion that students’ game 
play seemed to be moderated by their existing knowledge of fractions (i.e., their level of 
fractions proficiency).  It was clear from clinical interviews in the earlier studies that the strong 
narrative was impacting how they viewed the tutor-game.  Students in the strong narrative 
recounted their perceptions of M3:i3 in terms of the setting, characters or plot (e.g., “We had to 
save Penguia”) whereas players who played the weak narrative described it in mathematical 
terms (“It was a fractions game”) differently.  However, it was less clear is whether these 
perceptions were also influencing students’ interpretations of the digital assets or the gestures 
they used to manipulate them.  
Situating a narrative has the potential to change players’ perceptions and focus their 
attention to what is salient (Lave, 1988; Metz, 1993; Roth, 1998).  In particular, Roth (1998) 
showed that students’ responses to a simple lever problem changed with the social situation or 
context.  Finding evidence that the level of narrative realism differentially affected students’ 
learning based on existing proficiencies highlights the spectrum between experts and novices and 






(1981) on differences between experts and novices, they highlighted that both the language and 
complexity (i.e., micro versus macrostructure) of their thinking differed by the participants’ 
levels of proficiency in a given domain.  Under these premises, in order to make a strong 
argument in favor of the benefits of embodiment, the current research hypothesized that the more 
early fractions learning experiences simulated real-world experiences that typically ground 
mathematical thinking (e.g., objects, sets, paths, containers and unitization, Lakoff et al., (2000), 
the more beneficial the concretized embodied environment (strong narrative, iconic gestures, SI) 
this would be to early learners.  In accordance with Chi et al., the abstractly embodied 
environment (i.e., weak narrative with deictic gestures, WD) was hypothesized to benefit 
learners with higher existing proficiencies that were already able to abstract underlying concepts. 
Sweller et al., (2003) proposed the expertise reversal effect, that theorizes that experts, with 
previous experiences, have existing schemas to script solutions while novices, with little or no 
experience, have less sophisticated or even absent schemas from which they can script possible 
solutions. Under this premise, experts should have benefitted more from abstract and 
decontextualized environments that didn’t overload cognition by competing with existing 
schemas.  
Our initial theoretical premises postulated that a situated and more embodied learning 
environment that afforded learners the opportunities to simulate real activities would be a better 
foray into fractions learning for children without proficiency while students with existing 
proficiencies would learn better in the WD.  In the work of Fyfe, McNeil, Son, J. Y., Goldstone, 
R. L. (2014), their findings supported the pedagogical approach of concreteness fading, 
(beginning with concrete representations and fading to abstract ones) because concrete materials, 






experiences that are easier to remember because the context helps learners chunk the information 
episodically (reducing cognitive load).  Moreover, by starting with concrete materials and 
fading to abstract ones, learners could gradually extract the salient features of the underlying 
mental model (stripping away extraneous details) and facilitating focus on what is generalizable 
to any problem space.    
However, the current study found that opposite effect.  For learners with low existing 
proficiency, the WD condition of M3, (i.e., deictic gestures embedded in a weak narrative) 
performed better on formative assessments than students in the SI condition.  Moreover, for 
students with higher proficiencies, the SI condition (iconic gestures embedded in a strong 
narrative) performed better on formative assessments than students in the WD condition.  These 
results indicate a progression of learning contrary to our initial predictions.  In practice, instead 
of introducing fractions concepts to new learners using iconic gestures situated in a 
contextualized problem space, the current study suggests that educators and developers offer 
novices a decontextualized environment using abstracted deictic gestures while providing more 
proficient learners with a contextualized problem space that uses iconically enactive gestures.  
Although this stands in contrast to many established threads of research touting the 
benefit of using concrete learning 
materials (Day and Goldstone, 2011; 
Goldstone and Son, 2011), there is 
evidence that the progression for math 
learning is better when shifting from 
the abstract to the concrete. Kaminski, 
Sloutsky and Heckler’s (2008) study 
 
 
Figure 80. Commutative Mathematical Group Task of Order 3 






published in Science that showed that students with no prior knowledge of a commutative 
mathematical group task (of order 3) learned the associative, commutative and identity properties 
of the system better and performed better on a post-intervention assessment (including transfer) 
than the group that learned from the concrete representations (see Figure 80).  The authors 
suggest that students might learn better from abstract representations and caveat that “grounding 
mathematics deeply in concrete contexts can potentially limit its applicability” (p. 455).  While 
this may be an explanation for results the current study, it is important to note that the actually 
digital assets that students manipulated in the strong and weak narrative versions of M3 were 
virtually identical.  Rather, the difference in the concreteness and context of the two narratives 
was manipulated by graphic depictions of the setting, the inclusion of characters and the delivery 
of a narrated plot.  And although these finding stand in contrast to our predictions, the expertise 
reversal effect, and Fyfe et al. (2014), Goldstone et al. (2011) and Day et al. (2011), there are still 
more results supporting our findings.   
In 1978, Simon and Simon found that experts used content-related processes while 
novices often employ content-independent processes.  Moreno, Ozogul, & Reisslein (2011) 
looked at students learning electrical circuits using diagrams that were either concrete (C) or 
abstract (A) or combinations (AC) or a concrete cover story (i.e., narrative) with abstract 
diagrams (C-A).  They found that the AC group (abstract followed by concrete) outperformed 
all the other groups and that A group outperformed the C group on transfer tasks.  In a slightly 
different finding, Homer and Plass (2014) investigated students learning of chemistry using 
computer-based simulations.  They found that students in an exploratory condition (abstract via 
iconic representations) who had higher executive functions (measured using the Stroop task) did 






grounded condition (using worked examples).  From this research, and to this stratified body of 
research that seems to support both sides, might there be a comprimise, a reconcilliation of the 
rift between the two perspectives or perhaps some other factor that is moderating when curricula 
should implement concreteness fading verus an abstract to concrete progression?   
For instance, in either Seymour Papert’s work with Logo (1980) or his protege Mitch 
Resnick’s work with digital manipulatives nearly 20 years later (1998), both of these project 
integrated concrete and abstract representations simultaneously.  Is it possible that fractions 
learning might also benefit from both?  Clearly, there is need for future investigation into 
whether these results are task dependent.  If we turn to the clinical interviews, students in the 
deictic condition readily employed both the conceptually enactive gestures as well as the 
deictically abstract gestures in their explanations.  If both types of gestural mechanics are 
beneficial in their own way, what might an environment that uses both look like?  Interact like?  
How might it benefit learners along the continuum for fractions learning?  How might 
simultaneous exposure to both the abstracted and concretized concepts for fractions impact 
students’ creation of truly robust conceptual models?  What combination help learners truly 
understand fractions, not just in terms of the denominator or numerator as individual concepts, 
but as a relationship between the two? How do we best design activities that links parts-to-whole 









When this project was first granted, our research sought to: (1) investigate not just the 
efficacy of a grounded and embodied pedagogy, but try to determine how and why it works.  
Moreover, as a joint-venture between the University and the local PBS affiliate, WNET-13, we 
used their Emmy Award winning television property, Cyberchase, to investigate the long 
debated role of using narrative contexts to situate learning and foster motivation and engagement.  
This iterative design-based research project developed a fun and dynamic learning platform to 
underserved populations of after-school students in impoverished neighborhoods of New York 
City.  Researchers delivered multiple iterations of a M3 that students were enthusiastic to play 
and significantly improved their knowledge of fractions over the course of the interventions.  
The study addressed the goals set forth by the research proposal, produced experimental research 
for cognitive studies in education with important implications for the future of Cyberlearning.  
Furthermore, M3 is in a good position to analyze remaining data sets, publish its findings in 
peer-reviewed journals and pursue additional funding to development M3 into fully developed 
learning platform for helping students conquer the frontiers of fractions.      
Transferring fractions skill beyond their simple applications requires a robust 
understanding about the relationships between entities and themselves.  Fractions knowledge 
underlies not only mathematical algebra and most higher forms of mathematics, but also 
algebreic thinking.   Ultimately, this study argues there aren’t any single faceted paneceas for 
digtal learning of mathematical fractions.  Rather, there is a complex relationship between what 
learners know, the environment they learn in and the activities that perpare them for learning the 
skill.  Roth (2001) suggested a microgenetic framework that leveraged video-recorded 






and (c) the practices of the community.  This framework is designed to triangulate how their 
constructions and perceptual ontologies and understandings during the activities change over 
time and over the course of the narratives.   
In light of the results from the telemetry data, we present some anecdotal evidence from a 
small selection the clinical interviews researchers conducted with students after successful 
completion of the M3 program as a part of our discussion.  Since this corpus has yet to be fully 
analyzed, we use this small collection of cases here in the discussion to help qualify the 
interpretations of the empirical evidence.  For narrative, while a total of 93% of the students 
indicated that the game was about fractions, 67% of the students in the SC or SD conditions 
integrated components of the strong narrative (e.g., setting, plot, task, hero, goal) into their 
descriptions of the math game. For example, one student in the SC condition responded that in 
the tutor-game, “We had to save the penguins from cracker by charging the robots!” 
For gesture, while students easily demonstrated the range of gestures (i.e., to estimate, 
denominate, numerate, re-estimate, order, magnify and verify the fractions), from their respective 
version of the tutor-game, this was anticipated.  In essence, these questions during the clinical 
interviews served as a manipulation check to determine whether, at minimum, the students used 
the gestures afforded them to create fractions.  More importantly for the current research 
questions was determining if the specific gestural vocabulary from their conditions surfaced in 
the explanations to non-game oriented, generalized questions like “What is a fraction?”, “What 
does it mean to have 2/3 of something?” or “Which is bigger, 1/2 or 1/3?”.  Ideally, if the game 
is contributing to the students conceptual models, then we had hoped to see the students framing 






 Figure 81 shows student discussing 
how the process of creating a fraction means 
taking a small number of things away from a 
bigger group of things.  Though this 
definition is not sufficient for what constitutes 
a fraction, it is clear that the student is 
employing an embodied conceptualization.  
Furthermore, the students’ gestures in the 
course of explaining the tutor-game often led to additional gestures that once again showed a 
strong tendency to enactively embody the underlying fractions concepts via proceduralization.  
In figure 82, a student in the SI condition spread his hands apart explaining how the part 
is from the whole.  In figure 83, despite having a mock-up in front of her on which she could 
demonstrate how she magnified the fractions in Part 2 of the tutor-game, she gesticulated the 
process along a true vertical axis in front of her (i.e., in the air) indicating that her understanding 
of the magnification step was spatially transformed, oriented as a 3D mental model (see 
 
Figure 81. A student in the WI condition explains how 
the procedure of creating a fraction means taking out a 
certain number from a bigger number. 
 
Figure 83. A student in the WD explains how the 
magnification procedure showed her which fractions 
were the highest and the lowest.  
 
Figure 82. A student in the SI explains the 
parts-to-whole of a fraction by spreading their hands 






Kornkasem & Black, 2015) in which fractions were tall and small.  
In another interview, we encountered one of many forms of speech gesture mismatch.  
In this case (figure 84), the student has just 
finished explained how to estimate in Part A.  
Next, his language explained how to “cut it in 
half” (in the process of creating 2/3) while the 
deictic gestures he uses clearly show him 
accurately cutting the bar into even thirds.  In 
this case, there are two points: (1) the term half 
is commonly misused as a catchall for all 
fraction denominations amongst students with 
early fractions understandings, (2) the usage of the word “cut” indicates that though he is 
pointing (deictic) to the locations at which the fraction would be fractured, the act of pointing 




Figure 84. A student in the WD explains how the 
magnification procedure showed her which fractions 








 In the latter part of the interviews after explaining how to play the game, students were 
asked to make comparisons between various unit fractions and determine equivalency between 
fractions. Since student performance on equivalency was poor on the tutor-game, it was 
important to gain insights into how their 
experience with the game impacted their 
beginning concepts for equivalency.  
In Figure 85, a student who did not 
even require pencil and paper to answer the 
question “Which is bigger, 1/2 or 1/3?”, made 
a large gesticulation to “split” an object into 
two equal parts as she explained that half of an 
object is greater than a third of an object. In other 
instances, students from the deictic conditions readily 
demonstrated a mixture of both conceptual and deictic 
gestures.  In figure 86, a student in the WD condition 
used both types of gestures to explain how the parts of 
a fraction are bigger when “the number on the bottom 
of the fraction” is smaller.  Notice in the top frame 
how the student discussed how splitting an object into 
two pieces (using a deictic gesture) and in the bottom 
frame used iconic gestures to makes them respectively 
 
 
Figure 86. A student in the WD explains how 
the number of pieces affects the size of the 
pieces in her explanation that one-half is bigger 
than one-third.  
 
Figure 85. A student in the WI condition explains how ½ 
is larger than 1/3 by cutting imaginary shapes as she 






larger than an object of similar size denominated into 3 pieces. Similarly, in figure 87, the 
student (also in the WD condition) used both deictic and conceptual gestures to explain how an 
increase in the number of denominations leads to a 
decreased in the size of each part.  We can see clearly 
in the figure how the student counted each part of 1/3 
and then used the other hand to expand her index finger 
and her thumb to represent the expansion in size from a 
third to a half.   
The last student we profile provided 
explanations were unlike any other students.  This 
student, despite being in the WI condition, used deictic 
gestures almost exclusively throughout his interview.  
This included his explanations of fractions, 2/3, 
tutor-game play and equivalency.  Specifically, 
he routinely identified where gestures were 
implemented.  For example, he would point to a 
location on the bar and say that is “where” you 
cut it.  In Figure 88, he has been given a paper 
and pencil to explore the relationship between1/2 
and 1/3.  Although his initial response was 
incorrect (i.e., 1/3 > 1/2), after drawing the two fractions out, he revised his answer in favor of 
1/2.  When asked to explain his answer, he pointed the denomination lines he had drawn and 
again identified quantity as a location, stating, “When you divide it, this line [1/2] is further than 
 
Figure 88. A student in the WD condition uses 
deictic gestures to identify/index all the actions, cuts 
and sizes of parts. 
 
 
Figure 87. A student in the WD explains how 
increasing denominations makes the parts of 






that line [1/3].”  Interestingly, when his answer was incorrect, he resorted to physically 
constructing the fraction and then explained himself using deictic gestures. These interviews, in 
total, support the current research findings that both sets of gestures, iconic and deictic, have 
value in scaffolding fractions concepts.   
Since players of M3 are directly manipulating assets, the cognitive load of their mental 
imagery is offloaded.  Schwartz (1999) looked at analogue representations for spatial 
(kinematic) and physical (dynamic) problem solving tasks.  He found that physical 
representations (i.e., including physics information like pressure or torque) have a 
representational code that is distinct from spatial information, and participants’ beliefs about the 
system influenced their internal model because it impacted their imagery.  For M3, the 
questions are whether the type of gesture (deictic vs. iconic) carries distinct qualia (Dennet, 1981) 
from each other only by their kinematic properties (i.e., a point vs. a swipe) or if the gestures 
carry additional information about their inherent physical properties as well (i.e., how far? how 
fast? how hard?).  In other words, are players’ perceptions of splitting the bars in M3 different 
for learners based on the type of gesture they use?  Schwartz et al. also noted that the dynamic 
models students generated were context specific.  Thus, there is an additional question whether 
the type of narrative (weak or strong) situates the gestures in a way that impacts the players’ 
perceptions.   Are the players’ internal models of the gestures changing from kinematic to 
dynamic?  Is there a psychological realism to the force applied for splitting object?  The fact 
that the SI group showed better transfer suggests that contextualizing the iconic gestures in the 
strong narrative helped them build mental models that were more robust.    
Revisiting an earlier discussion from M3:i1, deictic gestures are, in theory, more static, 






in M3 do not physically represent the actions of splitting, demarking, delineating, etc., but they 
do identify or index (Glenberg et al., 2003) the locations of targets for these talks (e.g., “split it 
there”, “pick this one”, “its height is there”).  Even though deictic gestures are not iconic 
simulations of physical analogues, when they are embedded in activities, they too become 
metaphorical of the same enactive dimensions.  For example, students in the deictic condition 
pointed to locations along the bar to denominate equal pieces, but what roles do they assign to 
the deictic gesture?  In effect, they aren’t only identifying where to split – they’re splitting it too, 
and really, the iconic gestures do both as well, but differently.  
 
Limitations and Future Directions 
 Despite the success of M3 in designing the game-tutor, investigating embodying gestures 
and situating narratives, and teaching students fractions, this dissertation, as any good research, 
raises as many questions as it answers.  The most glaring limitation of M3 was its 
ineffectiveness at helping the students learn fraction equivalency.  Of all the results discussed, 
there were no significant learning gains demonstrated by students’ performances in tutor-game or 
on the formal assessments.  Nonetheless, we attribute this failure to a lack of repeated practice 
(Wouters, et al., 2013) and not providing enough activities that allow players to engage their 
fledgling mental models of the magnitudes of each fraction and their formal numerical 
representations in order to determine equivalency.  While Part 1 of M3:i3 offered students 
many repeated opportunities (nearly half the problems) to re-construct fractions, Part 2 did not 
afford learners the same opportunities for repeated exposure.  To this, we argue that exposure to 
a single level of 5 fractions immediately followed by Part 2 in which learners supposed to put 






Part 1 that experience should inform their understanding for successfully completing Part 2 was 
too optimistic.  During game play, it became readily apparent that students were very engaged 
in Part 1 but quick to dismiss the difficult tasks of ordering the fractions in Part 2.  Students 
routinely implemented reductive trial and error strategies or intentionally entered incorrect 
answers in order to exhaust the 3 allocated attempts to elicit the answer from the system forcing 
the system to provide feedback to game the system (Baker et al., 2004).  Instead, the 
equivalency portion of M3 needs many more opportunities to manipulate each fraction, including 
new activities using multiple representations that learners can connect to the numerical referents.   
Another shortcoming of the current design of M3 is its lackluster of ludology.  As a 
game, the activities of M3 amounted to not much more than the initial call to action (McLellan, 
1993) splitting objects and comparing them.  M3 falls short of offering the ranges of agency, 
exploration, choice, rewards and interactivity that have become hallmarks for what constitutes a 
“good game” (Prensky, 2001; Gee, 2003; Dickey, 2006), albeit, M3 was purposefully designed 
to offer a very limited range of activities and game-like features in order conduct a controlled, 
randomized experiment that would allow researchers to investigate the impacts of the 
independent variables on the dependent measures.  Ontologically, a fully developed M3 would 
offer opportunities for players to explore fractions beyond the parts-to-whole conceptual 
metaphor by manipulating object collections/sets, distances, containers and measurement for 
unitization.  Additionally, M3 would contain additional activities to explore fractions as ratios, 
proportions, scales and percentages.  The M3 development team also recognizes that the 
apsychological nature of the narrative affords minimal agency for the player to impact the course 
of the narrative.  In redesigning and redeveloping M3 to afford more agency to the player in the 






locations and actions (Black, Turner & Bower, 1979; Bower & Morrow, 1990).  Dickey (2006) 
highlights the popularity of games that are centered in an overarching quest structure.  As a 
completely immersive gaming experience, M3 could implement a greater range of game-like 
attributes in a narrative quest that provides a more holistic experience to make the game fun are 
commonly considered aspects of designing a “good game” that is fun (Prensky, 2001).   
Fisch, Lesh, Motoki, Crespo and Melfi (2011) evaluated Cyberchase online games using 
both qualitative interviews as well as quantitative data mining.  In a preliminary analysis, they 
found players’ data logs revealed progressions of strategic thinking and improved performance 
over the course of play, starting with matching strategies (similar to depictive models, ref. 
Schwartz et al., 1996a) that progressed to additive strategies and culminated in advanced 
strategies that incorporated planning, alternate solution paths and allocation of resources.  Data 
logs also revealed pivot points of strategic change where persistent failures abruptly shifted to 
sequential successes are evidence of productive failure (see Kapur, 2008) and indicative of 
possible conceptual change.   
Although the analyses in the current study mined the data for evidence of learning, 
evidence of the impact of the game, there remain many more features that could be created in 
search of corroborating evidence for what they learning as well as how they learn.  Fisch et al., 
highlighted that features like clear buttons were indicative of players’ re-evaluations, indications 
of the ordering of players choices were indicative of comparative thinking, trial and error and 
strategic progression.  Moreover, since the M3 curriculum focuses on the aforementioned 
hybrid approach we call, procedural conceptualization (i.e., learning the concepts of fractions 
through the processes that underlay concepts), the backend data from M3 is ideal for using 






than one million data points collected thus far aims to use brute-force Bayesian knowledge 
tracing developed by Baker, Corbett and Aleven (2008) .to find evidence of procedural 
understanding as a latent proxy for conceptual understanding.  Of course, of the many 
algorithms available to determine learner’s trajectories, there are also many other data points that 
could be combined into features for data mining.  
 In determining the impact of the narrative, there remains a lot of data yet to be processed 
to explore how players are processing the strong versus weak narratives, including students’ free 
responses on the exit-survey in addition to the remainder of the clinical interviews yet to be 
coded.  Panaoura, Gagastsis, Deliyianni and Ella (2009) used a 26-item questionnaire to 
measure students’ beliefs about how different representations impacted students’ understandings 
of concepts of fractions, and through confirmatory factor analysis, showed an interrelatedness 
between self-efficacy and the ability to work with multiple representations.  In their study, 
younger students, with lower reported self-efficacy for fractions, performed less well with 
multiple representations of fractions while students with higher self-efficacy did better.   
For M3, further analysis of the existing likert data may reveal students’ responses, like 
their fractions learning, also differentiated by self-efficacy or some other factor.  Moreover, 
future studies with a larger sample size would enable researchers not only to extend the 
exploratory factor analysis of the 5-point likert exit survey but also perform confirmatory 
analyses that would enable the research team to both verify and validate the exit survey as a 
measure for future work.  Of course, other threads of research could investigate expanding the 
narrative or the specific role of the pedagogical agent (PA), Fluff.  Without the dynamism of 
plot-related interactivity that adapts the narrative progression to the players input, the characters 






programming that appears reciprocal to the player, but was in fact pre-determined and used more 
symbolically than functionally.  The PA in the strong narrative was portrayed as the deliverer of 
instructions, provider of feedback, and purporter of the narrative, but all of these could have also 
been done without a PA.  Expanding the role of the characters (Fluff, the penguins, Hacker, the 
HERObots) and their interactions with the player could be much greater, much more complex 
and possibly shorten their psychological distance from the player (Best, Tucker, Oliver, Palmer, 
Lyne, Neufeldt, 1995).   
Studies like Chase, Chin, Oppezzo and Schwartz (2011) explored the efficacy of learning 
platforms by expanding the role of the PA to make it a teachable-agent (TA).  They showed that 
augmenting the role of students (i.e., players) to that of a teacher, and instilling the responsibility 
of instructing a virtual agent (i.e., pupil), increased students’ efforts to learn compared to 
students whose motivations were simply to learn for themselves.  This protégé effect, invoked a 
sense of responsibility that not only motivated students, but seemed to impact their mindset 
(Dweck, 1986) and also seemed to buffer students ego’s from the impacts of failure.    
  
M3 utilizes many of the characteristics of a DBR framework and per the calls by Brown 
(1992), Barab et al. (2004) and Anderson and Shattuck (2012) to derive design principles from 
the lessons learned through the iterative design process.  However, the primary focus of this 
investigation was to explore the cognitive, affective and conative implications of a pedagogy that 
situates learning using narrative and utilizing gesture as a scaffold for learning mathematics.  
Still, there are many more meta-evaluative aspects of students’ experiences with M3 yet to report 
and design principles to formulate.  While DBR approach of the current study provided useful 






corpus of DBR.  For example, Anobile, Stevano and Burr (2013) found that sustained attention 
was a key predictor for math achievement amongst elementary students.  Techniques like 
eye-tracking are especially informative for indicating exactly what attributes of an interactive 
simulation students focus on, when they focus on it, and how they’re attentions shuttle back and 
forth between different representations.  O’Keefe, Letourneau, Homer, Schwartz and Plass 
(2014) used eye-fixations to determine how students were transitioning between different 
representations of their ideal gas law simulation.  They found that fixations on conceptually 
related parts (i.e., a container indicating the concentration of particles and volume and a graph of 
the change changes in temperature and volume – essentially a coordination between the 
depiction and the graph) were associated with transfer but not direct comprehension whereas 
fixations on the sliders (the tools for manipulating volume and temperature) showed better 
comprehension but no association with transfer.  For M3, it will be of interest to see how 
eye-tracking will inform how players transition between the rectangular area model, the numeric 
representations and the procedures (estimating, denominating, numerating, delineating, 
magnifying and verifying) in the quest to determine how each relates to performances on formal 
direct and transfer assessments.     
Another example is the continued debate over the role of extrinsic reward systems in 
games and their impact on learning and motivation.  Malone (1980) warned that rewards could 
be detrimental to developing intrinsic interest, but some development labs like Jan Plass and 
colleagues argue that reward systems (e.g., points, stars, badges; Plass, et al., 2014) can have a 
beneficial impact learning on motivation and engagement.  And there is some support for this, 
Ravaja, Saari, Salminen, Laarni and Kallinen (2006) looked at event-related potentials using 






game players and found that both the positive and negative valanced rewards in gaming systems 
yielded net positive arousal in players.  This means that players are responding both to success 
and defeat with positive affect, highlighting that ability for games to encourage players’ 
persistence (Coventry, 2001; Hoffman & Nadelson, 2010).  However, not all gamifying features 
produce better learning.  Malkiewich, Lee, Chase, Xing and Slater (2016) found that fifth grade 
students playing a full-fledged game to learn programming persisted less on challenging tasks 
and learned less than students who played a stripped down version of the game without a 
narrative, high quality graphics or sound. Long & Aleven (2014) created five different versions 
of the intelligent tutoring system, Lynette, and looked at the impact of re-playability and rewards.  
They found a significant interaction between the two factors, but a post-hoc analysis found that 
students in the no-reward condition did better than students who received rewards.  Clearly the 
debate on extrinsic reward in learning is not settled. 
 Lastly, it is important to keep in mind that although M3 is an all-inclusive curriculum, 
digital tools should not replace activities in formal schooling, but compliment formal schooling.  
Pilegard and Mayer (2016) found that students who completed worksheets before and during a 
narrative game, Cache 17, in which players learned about wet-cell batteries by building 
electromechanical devices showed better comprehension and gave better explanations of target 
material and performed better on transfer measures than players who simply played the game.  
In a second experiment, they found that participants who completed an in-game worksheet 
showed better comprehension and transfer compared to a control group that completed no 
worksheets and another group that only completed a pre-game worksheet.  Even though they 
found no differences between the control group and the pre-test only group, their results support 






when used in conjunction with supplementary materials.  Wouters et al. also found that many 
more games were effective when played in collaborative settings compared to being played alone.  
Although M3 is not designed as collaborative system, future work could easily investigate the 
impact of solo play versus collaboration amongst students.       
Perhaps the most exciting prospect for future work with M3 is in redeveloping it into an 
augmented reality platform that overlays digital interactivity onto the real world using the 
camera of mobile devices and the interactivity of the touch screen.  Squire and Klopfer (2007) 
designed an augmented reality system called Environmental Detectives in which players engaged 
in a fictive problem space (contaminated water supplies) combined with real-world information 
(i.e., geo-locations and gps navigation) to play a type of scavenger hunt in search of sources of 
contamination, much the same way that a real environmental engineer might.  The affordances 
of the digital domain allowed researchers to created a real-time interactive environment that 
simulated real scientific procedures while installing virtual barriers, scaffolding constraints 
feedback to guide their learning.  More recently, a technology collective in France released 
PlantNet, an augmented reality mobile app that allows users take pictures of plants and identify 
them using algorithms that search social media and Google images (Bonnet, Joly, Go¨eau, 
Champ & Vignau, 2015).  For M3, the prospect of creating an augmented system that would 
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IM CHOPPING "two0handed0chopping0motion0to0break0up0whole" 9 1.22% 16




waterlines0for0comparison" 8 1.09% 18
NON PICKSXUP
"physically0picks0up0string0and0points0with0index0to0






























denominator" 3 0.41% 26
I ICONICATING
"places0both0hands0open0flat0onto0the0table0top0to0
represent0whole0fraction" 2 0.27% 27
IM PINCHING
"pinches0a0thumb0and0index0together0to0measure0the0




zero0point0to0qty0of0fraction" 2 0.27% 29







Appendix B:  
M3:i3 Paired T-Tests for Parallel Versions A & B Assessments  
 
Paired T-Tests (Parallel Versions A & B) of Direct and Transfer Assessments (n =131) 
 
    Measures x̄A    [SD] x̄B  [SD]     x̄A-B  [SD]     t(139)    Sig. (2-tailed) 
 
10) Direct   30.85  [13.11] 29.13  [1.84]    1.726  [2.41] 0.716     .476 
11) Denomination  14.47  [0.86] 13.65  [1.04]    0.828  [1.34]  0.122     .544 
12) Numeration  11.01  [0.49]  10.26 [0.52]    0.750  [0.72] 1.039     .301 
13) Estimation  4.355  [0.35] 4.18 [0.39]    0.177  [0.53] 0.338     .736 
14) Equivalency  0.283  [5.68] 0.226  [0.73]    0.617  [0.06] 0.501     .617 
 
15) Transfer  41.67  [2.13] 42.02  [2.17]   -0.350  [3.05]   -0.115 .909 
16) Denomination  15.53  [1.12] 15.43 [1.13]    0.108  [1.60]    0.067     .946 
17) Numeration  15.68  [3.81] 15.57  [4.32]    0.108  [0.91]    0.119 .905 
18) Estimation  6.79  [1.11] 7.02  [1.12]   -0.226  [0.67]   -0.336  .736 
19) Equivalency 1 2.38  [1.32] 2.36  [1.16]    0.021  [0.20]    0.105 .916 
20) Equivalency 2     0.77 [2.51] 0.77  [2.66]    0.001  [0.13]    0.009 .993 
 








Paired T-Tests – Learning across all groups for M3:i3 
 
   
Paired T-Tests – Learning across all groups for M3:i3 (n =131) 
  
    Measures  x̄PRE  [SD] x̄POST  [SD]    x̄DIFF  [SD] t(130)    Sig.  d 
  
1) Direct   .3952  [.181] .5712  [.185]    0.176  [.161] 12.48  .000 1.75 
2) Numeration  .5326  [.206] .6662 [.169]    0.134  [.196] 7.76   .000 0.92 
3) Denomination  .3228  [.125]  .6445 [.213]   0.322  [.199] 18.45   .000 2.08 
4) Estimation  .2512  [.176] .4154 [.236]   0.164  [.207] 9.056   .000 1.15 
5) Equivalency  .0426  [.108] .1457  [.227]   0.103  [.245] 4.823   .000 0.44 
 
6) Transfer  .4498  [.187] .5957  [.177]   0.149  [.160]  10.41 .000 1.46 
7) Numeration  .6011  [.200] .6947 [.175]   0.093  [.206]  5.192   .000 0.57 
8) Denomination  .3971  [.234] .5867  [.213]   0.189  [.207]  10.46 .000 1.43 
9) Estimation  .3448  [.192] .4154  [.236]   0.134  [.186]  8.263  .000 1.03 
10) Equivalency 1 .3391  [.163] .4264  [.177]   0.087  [.189]   5.27 .000 .587 
11) Equivalency 2     .2583 [.244] .3079  [.254]   0.049  [.325]  4.823 .083 .165 
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Appendix F:  
ANOVA Between-Subjects Effects on Difference Score Direct Assessment 
 
 
ANOVA Between-Subjects Effects on Difference Direct Assessment Score by Narrative and Gesture  
Source SS df MS F Sig.  d Obs. Pwr. 
Corrected Model .193 3 0.064 2.562 .058 0.491 0.62 
Intercept 3.909 1 3.909 155.502 .000 2.211 1 
Narrative  0.256 1 0 0.015 .903 0 0.052 
Gesture 0.004 1 0.004 0.143 .705 0.063 0.066 
Narrative * 
Gesture 0.184 1 0.184 7.324 .008 .428 .766 
Error 3.192 127 0.025     
Total 7.442 131      
Corrected Total 3.385 130      






Appendix G:  
ANOVA Between-Subjects Effects on Direct Assessment Numeration Difference Scores 
 
  
ANOVA Between-Subjects Effects on Direct Assessment Numeration Difference Scores (Post – Pre) 
by Narrative and Gesture 
 
Source SS Df MS F Sig.  d Obs. Pwr. 
Corrected Model 0.084 3 0.028 2.004 .117 0.434 0.505 
Intercept 0.825 1 0.825 59.238 .000 1.365 1 
Narrative  0.005 1 0.005 0.361 .549 0.109 0.092 
Gesture 0.002 1 0.002 0.109 .742 0.063 0.062 
Narrative * Gesture 0.074 1 0.074 5.281 .023 0.408 0.626 
Error 1.769 127 0.014     
Total 2.712 131      
Corrected Total 1.853 130      







ANOVA Btwn-Sub. Effects on Difference Scores (Post – Pre) for Direct Assessment Denomination  
  
 
ANOVA Between-Subjects Effects on Difference Scores (Post – Pre) for Direct Assessment 
Denomination Scores by Narrative and Gesture  
 
Source SS df MS F Sig.  d Obs. Pwr. 
Corrected Model .726 4 0.242 2.552 .059 0.491 .618 
Intercept 16.285 1 16.285 171.68 .000 2.326 1 
Narrative  0.001 1 0.001 0.007 .934 0.00 0.051 
Gesture 0.009 1 0.009 1.453 0.23 0.219 0.223 
Narrative * Gesture 0.70 1 0.70 7.382 .008 0.482 0.769 
Error 12.047 126 28.709     
Total 29.671 131      
Corrected Total   12.723 130      











ANOVA Between-Subjects Effects on Direct Assessment Estimation Difference Scores (Post – Pre) 
by Narrative and Gesture 
Source SS df MS F Sig. d Observed Power 
Corrected Model 0.159 3 0.053 1.236 .299 0.339 0.325 
Intercept 3.394 1 3.394 79.315 .000 1.579 1 
Narrative  0.016 1 0.016 0.364 .547 0.109 0.092 
Gesture 0.013 1 0.013 0.305 .582 0.090 0.085 
Narrative * Gesture 0.127 1 0.127 2.975 .087 0.307 0.402 
Error 5.435 127 0.043     
Total 9.122 131      
Corrected Total 5.593 130      







ANOVA Between-Subjects Effects on Transfer Assessment Total Difference Scores 
 
  
ANOVA Between-Subjects Effects on Transfer Assessment Total Scores (Post – Pre) by Narrative and 
Gesture 
Source SS df MS F Sig. d Obs. Pwr 
Corrected Model .115 4 .038 1.501 .217 0.375 0.388 
Intercept 2.704 1 2.704 106.325 .000 1.83 1 
Narrative  .029 1 .029 1.136 .289 0.190 0.185 
Gesture .030 1 .030 1.182 .279 0.191 0.189 
Narrative * Gesture .051 1 .051 1.986 .161 0.246 0.287 
Error 3.230 126 .025     
Total 6.133 131      
Corrected Total 3.344 130      






Appendix K:  
ANOVA Between-Subjects Effects on Transfer Assessment Numeration Difference Scores 
 
  
ANOVA Between-Subjects Effects on Transfer Assessment Numeration Difference Scores (Post – Pre) 
by Narrative and Gesture w/ Interaction Term 
Source SS df MS F Sig. d Obs. Pwr 
Corrected Model .114 3 .038 1.497 .218 .375 0.388 
Intercept 2.704 1 2.704 1.541 .218 0.314 0.322 
Narrative  .029 1 .029 27.144 .000 0.92 0.999 
Gesture .03 1 .03 1.162 .283 0.191 0.188 
Narrative*Gesture .05 1 .05 1.702 .194 0.300 0.254 
Error 3.229 127 .025     
Total 6.131 131      
Corrected Total 3.343 130      











ANOVA Between-Subjects Effects on Transfer Assessment Difference Numeration Scores (Post – Pre) 
by Narrative and Gesture w/o Interaction Term 
Source SS df MS F Sig. d Obs. Pwr 
Corrected Model .130 2 .065 1.541 .218 0.314 0.322 
Intercept 1.144 1 1.144 27.144 .000 0.92 0.999 
Narrative  .049 1 .049 1.162 .283 0.191 0.188 
Gesture .072 1 .072 1.702 .194 0.300 0.254 
Error 5.394 128 .042     
Total 6.669 131      
Corrected Total 5.524 130      







ANOVA Btwn-Sub. Effects on Transfer Assessment Difference Denomination Scores (Post – Pre) 
 
  
ANOVA Between-Subjects Effects on Transfer Assessment Difference Denomination Scores (Post – 
Pre) by Narrative and Gesture 
Source SS df MS F Sig. d Obs. Pwr 
Corrected Model .149 3 0.05 1.155 .33 0.305 0.322 
Intercept 4.59 1 4.59 106.973 .000 1.835 0.999 
Narrative  0.039 1 0.039 0.91 .342 0.167 0.188 
Gesture 0.011 1 0.011 0.253 .616 0.089 0.254 
Narrative*Gesture 0.091 1 0.091 2.131 .147 0.263 0.254 
Error 5.451 127 0.043     
Total 10.313 131      
Corrected Total 5.6 130      






Appendix N:  





ANOVA Between-Subjects Effects on Transfer Assessment Difference Estimation Scores (Post – Pre) 
by Narrative and Gesture 
Source SS df MS F Sig. d Obs. Pwr. 
Corrected Model .163 3 0.054 1.575 .199 0.305 0.322 
Intercept 2.255 1 2.255 65.493 .000 1.835 0.999 
Narrative  0.001 1 0.001 0.018 .893 0.167 0.188 
Gesture 0.098 1 0.098 2.832 .095 0.089 0.254 
Narrative*Gesture 0.071 1 0.071 2.057 .154 0.263 0.254 
Error 4.372 127 0.034     
Total 6.919 131      
Corrected Total 4.535 130      






Appendix O:  
EFA Loadings on 5-Point Likert Exit Survey 
 
 
 Factor loadings and communalities based on Exploratory Factor Analysis (EFA) using Structural 
Equation Modeling (ESEM) with geomin rotation for 15 items. 
 Direct Assessment  Transfer Assessment 
  F1 F2 F3 F4   F1 F2 F3 F4 


















          


















          

















          





































          Putting the fractions in order from 


















          


















          In the game, I did very well ordering the 


















          I would like to play more challenging 





































          Playing this game makes me feel like I 


















          







































































            
 
      
† p < .10   * p < .05   ** p < .10 










Curriculum Development across all three iterations of M3 
 
Problem Sets M3:i3 M3:i2 M3:i1 Set Problem 
1 A 1 / 2 UN – ED – C 1 / 2 UN – ED – C 1 / 2 UN – ED – C 
 B 1 / 3 UN – OD – C 1 / 3 UN – OD – C 1 / 3 UN – OD – C 
 C 1 / 4 UN – ED – C 1 / 4 UN – ED – C 1 / 4 UN – ED – C 
 D 2 / 3 EN – OD – C 2 / 3 EN – OD – C 1 / 5 UN – OD 
 E 3 / 4 ON – ED – C 3 / 4 ON – ED – C 1 / 6 UN – ED 
2 A 1 / 6 UN – ED - CD 1 / 5 UN – OD 1 / 7 UN – OD   
 B 2 / 6 EN – ED – CD  1 / 8 UN – ED   1 / 8 UN – ED   
 C 3 / 6 ON – ED – CD  1 / 6 UN – ED 1 / 9 UN – OD  
 D 4 / 6 EN – ED – CD  2 / 6 EN – ED 1 / 10 UN – ED  
 E 6 / 6 EN – ED – CD  5 / 10 EN – ED  10 / 10 WN – ED  
3 A 2 / 4 EN – ED – CN  4 / 8 ED – ED 2 / 3 EN – OD – C 
 B 2 / 5 EN – OD – CN  3 / 5 ON – OD – CD 3 / 4 ON – ED – C 
 C 2 / 6 EN – ED – CN  2 / 5 EN – OD – CD  3 / 5 ON – OD 
 D 2 / 7 EN – OD – CN 4 / 5 EN – OD – CD  4 /7 EB – OD 
 E 2 / 8 EN – ED – CN 1 / 2 UN – ED 5 / 9 ON – OD 
4 A 1 / 8 UN – ED – CD  3 / 3 W – ON – OD 3 / 3 W – ON – OD 
 B 4 / 6 EN – ED – CN 3 / 4 ON – ED – CD 4 / 8 EN – ED – CD  
 C 4 / 8 EN – ED – CN – CD 2 / 4 EN – ED – CD 4 / 5 EN – OD 
 D 1 / 5 UN – OD 5 / 8 ON – ED  5 / 7 ON – OD 
 E 1 / 2 UN – ED - C 3 / 6 ON – ED - EQ) 3 / 6 ON – ED – CD 
5 A 2 / 8 EN – ED 2 / 3 EN – OD – CD  2 / 3 EN – OD 
 B 5 / 10 Odd – Even 2 / 6 EN – ED  6 / 9 EN – OD – CD – CN  
 C 5 / 8 Odd – Even 4 / 5 EN – OD 6 / 8 EN – ED – CN 
 D 3 / 5 Odd – Even 4 / 6 EN – ED – CD  7 / 9 ON – OD – CN 
 E 1 / 4 UN – ED – C  5/7 ON – OD  7 / 8 ON – ED – CN 
6 A 2 / 3 EN – OD – C   4 / 8 ED – ED N / A N / A 
 B 3 / 7 ON – OD  3 / 5 ON – OD – CD N / A N / A 
 C 1 / 3 UN – OD – C  2 / 5 EN – OD – CD  N / A N / A 
 D 3 / 8 ON – ED  4 / 5 EN – OD – CD  N / A N / A 
 E 3 / 3 W – ON – OD 1 / 2 UN – ED N / A N / A 
7 A 4 / 7 EN – OD  6 / 6 W – EN – ED  N / A N / A 
 B 6 / 8 EN – ED 3 / 4 ON – ED – C  N / A N / A 
 C 4 / 5 EN – OD  3 / 5 ON – OD  N / A N / A 
 D 3 / 4 ON – ED – C  2 / 4 EN – ED N / A N / A 
 E 4 / 4 W – EN - ED  2 / 3 EN – OD – C  N / A N / A 
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20) How much chocolate will each person 
get if 4 people share  1  lb of chocolate 




17) Sara painted  3  of her bedroom wall on Monday, and  1  more on Tuesday. 
                                  5                     5
     How much of her room did she paint during both days?
16) Write as a fraction:
=+ +
+ =
































19) How many   1   cup servings are in 2 cups of raisins?               
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Clinical Interview Script : M3:i1 
 
INTRODUCTION:  
 Hi, my name is __________________.  Let’s take some time to talk about the game.  Be as honest as 
you can, there are no right or wrong answers.  The more you tell me, the better we can make the game. 
 
1) Tell me about the game you just played?  
• What was the game about? 
 
 
• What did you have to do? 
 
 
• Why did you have to do it? 
 
  
2) What is a fraction?  How did you make the fractions in the game?  
 
• What was the first thing you had to do? The second? The Third? 
 
 
• What does the bottom number of a fraction mean?  How did you create this part of the fraction? 
 
 
• What does the top number of a fraction mean? How did you create this part of the fraction numerator of the fraction? 
 
 
3) How did you compare and order the fractions from smallest to biggest?  
 
• What was the first thing you had to do? The second? The Third? 
 
 
• What did you do in the game that helped you order the fractions from smallest to biggest? 
 
 
• How did you know when a fraction was smaller than another? Larger than another? 
 
 
• Once the fractions were in the correct order, was there a way for you to make sure they were in order? 
 
 
4) Did you enjoy playing the game?  
 
• What did you like most about the game? Least? 
 
 
• Was any part of the game difficult to understand? 
 
 
• If this game had more levels, would you play more? 
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Appendix AA:  





















Appendix BB:  
Clinical Interview Script – M3:i2 
INTRODUCTION:  
 Hi, my name is __________________.  Let’s take some time to talk about the game.  
Be as honest as you can, there are no right or wrong answers.  The more you tell me, the better 
we can make the game. 
 
1) Tell me about the game you played? 
  
• What was the game about? 
 
 
• What did you have to do? 
 
 
• Why did you have to do it? 
 
 
• What did you learn about fractions from playing the game? 
  
2) What does it mean to have 2/3?  How did you make the fraction 2/3 in the game?  
 
• What was the first thing you had to do? The second? The Third? 
 
 
• What does the bottom number of a fraction mean?  How did you create this part of the fraction? 
 
 
• What does the top number of a fraction mean? How did you create this part of the fraction numerator of the fraction? 
 
 
3) Next you had to put the fractions in order from smallest to biggest; how did you compare the 
fractions to put them in correct order?  
 
• What was the first thing you had to do? The second? The Third? 
 
 
• What did you do in the game that helped you put the fractions from smallest to biggest? 
 
 
• How did you know when a fraction was smaller than another? Larger than another? 
 
 
• Once the fractions were in the correct order, was there a way for you to make sure they were in order? 
 
 
4) What do you think of learning math in a tablet game?  
 
• Do you consider yourself good at math? 
 
 
• Do you think more games like this could help you learn math? 
 
 












































































































































































































































Teachers College Columbia University IRB Approval 2014 - 2015 
   
Teachers College IRB Continuing Review Approval Notification 
 
To: John Black 
From: Kathleen O'Connell, IRB Chair 
Subject: IRB Approval: 12-351 Protocol 
Date: 07/31/2014 
Dear Professor Black, 
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